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Chapter 1

Introduction

Dynamical systems are, basically, systems whose state evolve with time (or with some
other parameter). Examples of such systems include regular motion of our daily life like
motion of cars or other vehicles, motion of human body. It cut across the scales and
defines the dynamics from the movement of huge planets, stars, and other celestial bodies
which defines the "daily”, to the dynamics in the realm of small particles where classical
laws no longer holds. In applications it blurs the boundary between physics and other
subjects while modelling various phenomenons. This can be seen in the oscillating chemi-
cal reactions, or in the stripe patterns of zebra, or in periodic patterns in economics. This
way dynamical system approach provides a mechanical description of various processes
while exposing the complex nature behind it. This physical description maps the com-
plexity of such phenomenons to a subtle picture from a physical perspective. For such
reasons and for the purpose of this thesis I will consider a physical approach for explaining
various systems and their dynamics.

Dynamical systems comprises of a dynamical unit, state space of the dynamical unit, and
a time parameter. The dynamical unit could be physical objects like electrons, atoms,
cells, cars, celestial bodies etc., or abstract quantities like temperature, density, qubits,
intensity of waves etc. The state space is a set of values that the dynamical unit can
acquire during the evolution. This can be a continuous space such as in the dynamics
of vehicle where the vehicle can have any position and velocity in a range, or it can be
discrete like in the case of qubits or a motion of a particle in a lattice. The evolution refers
to change in state of the system and is with respect to time, in general, however, this
could be any independent variable of the system. For example, the evolution of density
with respect to the temperature can be considered as a dynamical system as well. This
evolution can also be continuous or discrete depending on how one is registering a change.
A continuous change is more intuitive and is visible more often. Examples of continuous
changes can be motion of planets, movement of particles etc,. Discrete changes are not
so subtle, however, they have applications in many systems. A most common occurrence
is in the stroboscopic study of any continuous system where the changes in the state of
continuous system at particular time instances are analyzed. Apart from this, they are
quite apparent in the stock prices which are recorded in discrete time.



The concepts and methods of dynamical system has evolved through time. Humans
from prehistoric times have a keen sense observing different motions which are because
of evolutionary needs, such as hunting, or some other reasons. This curiosity led humans
to discover various machines with simple dynamics like cart wheel etc,. But this idea of
mechanics was still lacking the mathematical formulation to theorize various methods.
This formulation was first done by the great Newton in the form of Newtonian mechanics.
Newtonian mechanics, basically, tells that the acceleration of any body is proportional
to the applied force on that body using second order differential equation. This laid the
founding stone of the subject of Dynamical Systems.

But, what does this mathematical formulation of dynamics looks like? In general, the
governing equations of dynamical systems can be represented by either differential equa-
tions defining the dynamics of continuous independent variables or difference equations
or iterative maps where the dynamics is observed over discrete independent variables,
[1, 2]. Both the types have been rigorously studied since the emergence of dynamical sys-
tem and tons of volumes have been dedicated to discuss the methods and applications of
such equations. For difference equations the dynamical unit evolves in discrete time steps
where the next state of the unit is defined according to some function. A very popular
example of such equation is logistic map where the iterative steps are in terms of logistic
function of current state. Such equations have applications in population dynamics and
a typical equation to study chaos, [2]. Differential equations, on the other hand, deals
with dynamics over continuous time steps as in the Newtonian dynamics. Dynamics in
science and engineering often require continuous variables whose variations are studied
over continuous time steps, (2, 3, 4, 5]. Hence, differential equations are the most com-
mon employee in such applications some of which may be discussed in the course of this
thesis. It needs to be stated that there are more applications than equations and often
single dynamical equation is used to model multiple phenomenons. For example, duffing
equation defined by George Duffing,[6], contains quadratic and cubic nonlinear (defined
later) term and is used to approximate the motion of a pendulum as well as to model the
stiffness of spring which does not obey Hooke’s law, [7]. Moreover, it is also used to model
many bistable systems in various biological and chemical models, and is often considered
to study chaotic dynamics. Similarly, one can find logistic equation is various roles in
different context, from population dynamics to tumor growth. Following this train of
thoughts one tends to define a class of differential equations which defines multiple dy-
namical phenomenons. This class is not a mathematical construct, however, it is defined
so as to classify certain mathematical quantities based on some criteria to understand
the corresponding dynamics these quantities generate. To the extent of extracting and
exploiting the dynamical features of such differential equations there are various methods,
both analytic as well as numerical, which needs to be studied. These studies forms the
subject matter of this thesis.

Now, to make sense it is important to answer two questions - what is this classification
based on?, and What does one mean by dynamical aspects of differential equations? To
address the first question, we need to consider the dynamical system from an operational
perspective. In the operational picture, dynamical system, represented by differential
equations, works as a process which takes some initial states as input then perform some
mathematical operations and gives the output state in a given time interval. Now, to



define our classification criteria consider the relationship between the input states and
the output states. There is a set of systems for which the output states are proportional
to the input to the system. These are called linear systems. Equation of simple harmonic
oscillator is the classical example of linear systems. For linear systems any changes in
the input states is proportionally reflected in the output state. This generates a very
monotonous dynamics. Many simple dynamics belongs to this set of dynamics like motion
along a straight line with constant acceleration or small deformations of spring. However,
these linear systems are not very efficient in modelling physical systems and are only a
simplified approximations to physical phenomenons as the simple harmonic motion is only
a linear approximation of the pendulum equation which is used to model the motion of a
swinging pendulum. Physical systems are, in general, nonlinear in nature. In nonlinear
systems the output state is a function of the input which may or may not be proportional
to the input state. In pendulum equation the acceleration of the angular displacement
depends on the sine of angular displacement which is the source of the nonlinearity.

Physical modelling of systems contains multiple components which plays different roles in
the dynamics of the system. For example, the compression of springs results in a potential
which when released apply force on the connected body. Similarly, the interaction of a
system with the outside environment results in exchange of energy which gives rise to
damping and forcing in the system dynamics. These different components are represented
in the equation in different forms. These forms can be linear or nonlinear depending on
the complexity of the system. Hence, there are, usually, multiple sources of nonlinearities
in the system. In this thesis, a set of such nonlinearities are considered which will be the
basis of the classification for various studies.

Now coming to the next question, the concept of dynamical aspects of differential equa-
tions has been part of tons of textbooks, and may be a title of few. A simple explanation
would tell that it deals with the question of how the trajectories of the dynamical unit
evolves with time?. However, since the advent of the subject the understanding of the
subject has developed manifolds. From pioneers of dynamical systems, Poincare, Lya-
punov, Birkhoff, Smale etc., to later years developers, Nayfeh, Balachandran, Strogatz
and many others, various theories have been developed which has enhanced the under-
standing about the subject. However, a brief introductory description of the dynamical
aspects, which are more relevant to the cause of this thesis, are discussed in chapter 2
and, as per requirement, in later chapters too.

Dynamical aspects varies for different types of dynamical systems. For linear systems, the
dynamical aspects are simple, monotonous and isotropic in nature. This fails to encapsu-
late the complexity of a general physical phenomenon. Nonlinearity, from various sources
and in different forms, incorporates such complexities in the system and assist in explain-
ing the scientific nature of the phenomenon. To understand this, recall the operational
picture of dynamical systems. In nonlinear systems, the mathematical operations involves
many feedback loops which changes the effective inputs and corresponding outputs. This
feature becomes visible in the perturbation analysis of differential equations in various
case studies in this thesis. A brief introduction of basics of various perturbation theories
employed in the work is given in chapter 2.



Differential equations can also be of multiple forms. This may depend on the number of
independent variables with respect to which the differentiation is done. Equations with
single independent variable are referred to as ordinary differential equations (ODEs).
ODEs are defined for the dynamics of 1-dimensional systems and shall be part of major
portion of the thesis. When there are more than one independent variables are involve,
they are called partial differential equations (PDEs). They define dynamics when there is
a dependence on more than on space variable, like in 2D systems, or when there is both
spatial as well as time variations are involved. They have vast range of applications in
reaction-diffusion systems, [8, 9], in hydrodynamic equations, [10, 11, 11, 12], thin films,
[13, 14] and many more. They are not directly involved in any case studies, however, the
methods and techniques used in the thesis are completely applicable to such equations.
In practise, PDEs are converted to ODEs through a travelling wave transformation where
the dynamics of the system is observed from the wave frame of reference.

Other forms of differential equations can be based on the way they are defined. An
important class of differential equations employed in this thesis is fractional differential
equations (FDEs). They are defined by relating the functions of dependent variables and
their fractional derivatives. Fractional derivatives, in contrast to regular derivative where
the order of derivatives are always integers, gives fractional order differentiation of the
functions. They are discussed in more details in later parts of this chapter and in further
in chapter 5.

1.1 Basic Outline of Nonlinearities

F. Fo: F: Fos
Fou
[ % FN % I
| L | L | L.
M1 M2
Fas Fr: Fes

Figure 1.1: Illustration of nonlinear systems.

Differential equations gives a relation between a dependent variable and its derivatives.
This relation could be linear or nonlinear based on the physics of the system. In physical
modelling, the equations have certain structures or components which have there own
origin and roles in governing the dynamics. Figure 1.1 shows a general illustration of
nonlinear system. The illustration is done using a spring-mass system, however, such
generalised illustrations could be done using electronic circuits, pendulum system, inter-
acting particle system etc. The system shows two masses, M; & M,, attached to a fixed
support through different springs and dampers, and which are also connected to each
other though another spring and a damper. Analysing each components of this system
shall form the basis for the nonlinear systems considered in this thesis.
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The equations of motion of the system in figure 1.1 are given as

Mz, + Fp1r+ Fri = Fpo+ Fro + I,
M@y + Fps + Frs = —Fpy — Fro+ Fy, (1.1)

where x1, x5 denote the displacement of M; and Ms, respectively, and the dots above them
denote derivative with respect to time. In the equation Fpq, Fp3 denote the damping in
each connection, Fgy, Frs denote the forces derived from an arbitrary potential acting
on the respective masses, and Fi, F, are external forces applied on respective masses.
Further, the masses coupled through Fps and Fgo.

First consider a single spring-mass system without any coupling or external force. The cor-
responding dynamics have three important components - mass and acceleration, damper,
and the potential force. The forces derived from potentials are functions of the variable
alone and can be both- linear and nonlinear. The potential determines the constraint on
the energy the system can stay upto. In the linear system this restoring force is propor-
tional to the displacement which pull the mass towards the equilibrium at the bottom.
In physics, this is called Hooke’s law, [7]. It guides the relation between the stress and
strain of spring as long as the deformation is small which varies for different materials.
The modern theory of elasticity is an extension of Hooke’s law in way of relating the
stress-strain relationship of any material. As the displacement increases the molecular
arrangement /alignment inside the material changes which makes the spring hard or soft,
depending on the material. Hence, Hooke’s law first-order linear approximation fails and
the force becomes nonlinear in nature.

Linear systems, although an approximation, have diverse applications in science such as
in acoustic, [15], material science, [16], seismology,[17], and others. In elastic materials
such as alloys, [18, 19], aircraft materials, [20], polymers, [21], etc., the restoring forces
are strongly nonlinear in nature. To analyze such systems the physical modelling is done
by considering the restoring force of the form a™, for arbitrary real n values, [22]. For
such systems there are no general method to obtain exact solutions and as these are
strongly nonlinear, the usual treatments, like linearisation or perturbation methods, are
applicable. These kinds of potential functions are consider in chapter 4 where some
non-trivial methods are discussed for qualitative analysis of such systems.

Nonlinear restoring forces can have multiple steady states which often impacts the basins
of attraction of each other. The dynamics in such settings results in non-trivial phe-
nomenons. These nonlinearities could be both algebraic as well as transcendental in
nature. Duffing potential, also Duffing oscillator, is one of the most important of and
widely applied nonlinear restoring force. It has application across science and engineer-
ing problems like vibrating beams, [6], nano-rods, [6], nonlinear isolators, [23], material
stiffness etc. The Duffing potential is given as, V(z) = a% + b%:l, where a and b are
real parameters. Duffing oscillator can have three or a single steady state based on the
parameters a, & b. It is known to show chaotic behaviour when under external force,
[24], hardening and softening or mixed frequency response, [6], jump phenomenon, [6]

etc. Given its utility, Duffing potential is going to be in many part of this theses.



It is often desirable in physical applications to have systems which can conserve its energy
or atleast minimize its energy dissipation. Unfortunately, laws of nature are not interested
in our desires and, in general, total conservation of energy is not possible (thermodynamic
issues) and, hence, dissipation of energy becomes an intrinsic part of the system. With the
development of various technologies systems are becoming more energy efficient. Similar
advancements are also taking place in theoretical development of the dynamical system
theory to cope with this problem. On the other hand, there are certain situations when
dissipation is desirable to counter unwanted motion from outside, for example, to suppress
the vibrations in skyscrapers caused by earthquakes or other ground shaking activities,
25].

The dissipation in physical systems results in the damping of the motion of its parts
which ultimately halt the system and in a more complex scenario it may lead to more
catastrophic consequences. The damping in system (1.1) is of general form and can
be linear or nonlinear. Linear damping or viscous damping is often used in modelling
for slow motions. Initially, linear damping was able to model the damping in physical
systems. However, with various developments in the engineering science the demand
to understand and model structural designs and other dynamic phenomenons coerced
the practitioners to shift their attention to the damping nature of the system. Soon
theorists starts to employ nonlinear sources to explain the complex behaviours in the
vibration of the beams. This leads to the understanding that usual dynamics contains
both linear as well as nonlinear component, however, nonlinear component is not much
relevant for small amplitudes. But as the oscillation amplitude increases the role of
nonlinear damping becomes significant. Analogous to the restoring force, linear damping
is a simplified approximation and damping in physical scenarios are essentially nonlinear
in nature. Such nonlinear form of damping finds space in many research studies such as
in the rolling motion of ships, [26, 27, 28], NEMS and MEMS, [29, 30], in rotor dynamics,
[31, 32|, in building applications, [33, 34], and many other, [35, 36]. Apart from this,
many experimental and numerical studies have been conducted to identify the damping
structure of the system, [32, 33, 37, 38].

Nonlinear damping brings out many significant features which are not possible in linear
settings. Linear damping in dynamical systems leads to dissipation of energy from the
system in a an exponential manner and are inconsequential to any other events in the
dynamics. Damping, however, is, in general, a function of the first derivative of the
dependent variable, usually it is referred as wvelocity, so that it has opposite phase than
the acceleration and the restoring forces which is a primary feature of the damping term.
This requirement needs to be fulfilled by both linear as well as nonlinear damping sources.
In addition to this, nonlinearity define ways the energy is distributed across the state
space and rates with which dissipation occurs. A classic example would be of van der Pol
equation, [39], a dissipative system, which shows existence of isolated periodic solution
called limit cycle. Another form to represent nonlinearity in damping includes polynomials
in velocity terms.

Damp systems are non-conservative in general which restricts the construction of hamil-
tonian structure, [40], for such systems. For linear systems, various approaches have been
developed through some transformations or with any other, [41]. Although, the Hamilto-
nian in such systems are usually time dependent, and hence non-conservative in nature,



it allows further analysis associated with the hamiltonian structure. These structures,
in case of nonlinear damping, are not easy to obtain. In chapter 3, this problem of
hamiltonian is considered in the context of quadratic damping. Further, results of this
analysis has been used in chapter 4 to analyse the role of quadratic damping in a strongly
nonlinear potential. Later, in chapter 6 a generalised nonlinear damping in polynomial
form is considered for its role in the dynamics of forced and coupled oscillators.

Next consider coupling of two systems as shown in figure 1.1 without any external forcing.
In physical world, dynamical systems often occur as small individual systems coupled with
each other. This arrangement could be found in power grid, [42], engineering systems,
[43], and in various other scientific models. Coupled systems produce novel interaction
which are not available in a single system. These interactions leads to various phenomenon
exclusive to coupling effects such as amplitude death, [44], chimeras, [45], basin stability,
[46], internal resonances, [47], etc,. Coupling also contributes towards complexity of such
systems and may result in unfavourable outcomes sometimes. Hence the necessity to
understand the structures of coupled systems, and development of abilities to harness
beneficial applications from it.

In coupled systems there is usually a time lag between the motion of different systems.
This also happens in systems with feedbacks at the system level. This lag commonly
occurs in physical systems because of signal delays in the system. The concept of delay
in the system is often used in physical models and has diverse applications such as in
climate models, [48], semiconductor lasers, [49], population dynamics models, [50], in
network dynamics, [45], etc,. The delay could be a constant or a variable. For constant
delay, the system depends on the delayed term at a previous instant of time. In many
applications delays are variable and are cumulated or distributed over the entire history of
the system. A particular way to model weighted distributed dependence on the previous
states of the system is through fractional differential equations. Fractional differential
equations is a very old mathematical construct where fractional order derivatives are
considered. These are found in systems with power law memory and have significant
applications such as in dielectric modelling, [51, 52], viscoelasticity, [53, 54], relaxation
processes, [55] and many more. Delays in the system are obligations of physics and it
can have both advantageous and disadvantageous outcomes and hence the importance to
study this concept. In chapter 5 the basic understanding of analysis of such systems are
considered.

Next, switching on the forcing in system (1.1) would further transform the dynamical
properties of the system. Forcing in dynamical systems has been extensively studied con-
cept since the inception of the subject, [56, 57]. External forces impacts a system through
the energy it puts into the system. The two components with which the external forces
manipulate the energy in the system are its amplitude and frequency. When the frequency
of the force matches the natural frequency of the system, the energy gets completely ab-
sorbed and the system responds by an increase in the amplitude of the vibrations, limited
only by the energy dissipation components of the system. This is a popular phenomenon
of resonance which is quite evident in many physical systems. However, when the forc-
ing is applied to a oscillator which is in turn coupled to another oscillator, the resultant
vibrations destructively interacts with each other and gives minimum amplitude at the
natural frequency of the system. This is called antiresonance. Such phenomenons de-



pends greatly on the systems ability to dissipate its energy and shown range of non-trivial
behaviours. In chapter 6, we consider two case studies of damped forced nonlinear oscil-
lators examining the competing roles of nonlinear damping and periodic forcing focussing
on associated nonlinear phenomenons.
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Appendix A

Lambert W Functions

A.1 Introduction

The history of the Lambert W function goes back to Johann Lambert (1728-1777) and also
legendary Leonhard Euler (1707-1783), they developed a series solutions for a trinomial
series. Two century later this solution was named Lambert W function. It is defined as
the inverse of the function f(z) = ze* satisfying W (z)e"?) = 2.

The trinomial series x = p + 2™ which solved by Lambert was transformed by Euler into
a symmetrized form

2 — 1P = (o — Bux*?,

where «, (8, u are known. Suppose o« =1, f =n, let T = %, then Euler form equation can
be recasted to Lambert form z" — & = p, where p = (1 — n)u.

Given Euler’s form and using I’Hopital’s rule we obtain ux® = In x. Let us change
r — X, then multiplying both sides by e~®* we obtain Xe X = u. Suppose aX =Y,
then Y can be expressed in terms of Euler T-function, Y = T'(au). If y = ze™® then
x = T(y), like Lambert W function it satisfies y = T'(y)e"7®. One can readily see that
W(—y) = —=T(y). The power series expansion shows

= (£n) 3 8 125 54
Sw) =2 S sy S g g gt

n=1

where all positive terms yield 7" series and alternative signs yield W series.

Properties of Lambert W function : There are two real branches of W function,
Wo(z) and W_;(z). The branch point is at z = —e ™!

Wo(—e ™) =W (=) = —1.

The domain for Wy is € [—e™", 00) and domain for W_; is z € [—e™',0). Both branches
are negative for x < 0, hence the Lambert W function is multivalued, and W_; < W, we
will choose the branch depending on the physical situation. In general, W} is frequently
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used because of its regular behaviour Wy(z — 0) ~ z, whereas W_;(z — 0) ~ In(—x)
diverges logarithmically.

Starting from W (z)e"® = x, we obtain
W@ LW (z)W'eV @ =1,

which yields

RS S B LA C))

1+ W 1+ W)z

One can also show

/W(x)dx = /W(W + eV aWw = (W2 —W + 1) +C

—W.WeW—WeW+eW+C—xW(:U)—x+%+0—x(W(m)—1+%)—|—C’,
where we have tacitly used doz = dW (W + 1)eV.
The sum rule is given by
W)+ W(g) = W(oy(om— + ——)).
W(z) ~ W(y)

This can be proved as follows:
W(z) + W(y) = W(W(x) + W(y)eOTWW) = /(W (2)e" @V W 4 W (y)e @)

1 1

W(y)eW(y) W(x)eW(x)
@ W)

=W (ze" W + 4y @) = W(x +
( Y ) ( W) YW@

=W (zy(

In fact, one can even prove also

W(x)W(y) = a:ye_w(xy(ﬁJ“W)) .

There are numerous applications of these properties for the solutions of differential equa-
tions.
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Chapter 2

Background and Methods

The discovery of differential equations and their applications to laws of motion and theory
of gravity in the seventeenth century by Newton, Kepler and Leibniz, gave birth to the
idea to study dynamics using mathematics. With this enlightenment differential equations
began to be applied to every dynamical problems. Differential equations governs how
an initial state of the system evolves over time. The trajectory of evolution of system
over time is, in general, not possible to obtain in closed-function forms. This problem
stalked the early practitioners of the subject for a long till Poincare came to the picture.
Poincare using the geometric approach provided a new perspective to understand and
analyse such problems. His approach focuses on the qualitative aspects of the dynamics
rather than the, erstwhile, quantitative outlook. Instead of finding exact solutions to
the governing equations, Poincare explained the qualitative properties such as stability,
frequency, asymptotic behaviours, and approximations. Later, many great dynamical
theorists emerge like Lyapunov, Arnold, Birkhoff and others who contributed immensely
to this field.

2.1 Basic Concepts of Dynamical Systems

To examine the dynamical aspects of differential equations, it is necessary to understand
the mathematical constructs of the dynamical system theory. The theoretical development
of dynamical systems and there are huge literature available for detailed explanation of
the concepts, [1, 2, 3, 4, 5, 6, 7]. However, for the purpose of this theses, the basic concepts
and definitions will be presented in this section.

Dynamical systems consists of a state space, a time set, and an evolution mapping. State
space represents collection of state the system can be in. This space could be discrete
like in a dynamics on a lattice, or continuous like a phase space of a pendulum. The
dimensions of the state space are the degrees of freedom in which the system can change
its state. This dimension could be finite, as in the case of ordinary differential equations
in finite variables, or infinite, as for functional differential equations. Time set is a set of
instants in the evolution of the system. It provides for an ordered record of the system
evolution. This record could be discrete when the events occur at certain intervals, or
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continuous when the records are kept in continuous manner. The third element is the
evolution rule. It defines the ways through which the system transforms from one state
to another state at any given time. If we denote state space by S, time set as T, then the
evolution map, F, is given as £ : S x T — S.

In this theses, however, we are interested in a continuous state space with a real time set.
Such dynamical systems are usually referred to as flows. Flows are continuous dynamical
systems over real time set on a continuously differentiable manifold. The corresponding
evolution rules are given by differential equations and evolved states at any instant is the
flow of the initial states for that time period. If (0) is the initial state, then state at time
t € T is given as ¢:(x(0)), where ¢; is the flow map.

In the state space there are certain points (states) which are invariant under a flow. In
such states the system cease to evolve any further and stays in that state forever. These
points are called fixed points of the flow. For the physical problems which the dynamical
system are modelling, the fized points are the equilibrium solutions (or points). These
points can also be referred to as steady states or stationary points. For instance, in the
dynamical picture of a simple pendulum the lowest and the highest points are fized points
and if the pendulum happens to have zero velocity at these points then it will cease to
move and remain there as long as there are no external perturbations. For a qualitative
analysis of the differential equations one studies about fixed points and in praxis the fized
points are shifted to origin by translating the system to make it easier to study as it
eliminates the effects of any nonlinear terms.

For linear systems the state space is homogeneous with a single fized point. This allows
to obtain flow solutions in closed functional forms. However, nonlinear systems can have
multiple fized points which transforms the state space in a non-trivial manner. This mor-
phing of state space makes it inhomogeneous, in the sense that the topology of state space
varies across the space, which means the solution set of the system can change remarkably
for even a minute change in the initial conditions. There are no accurate tools or methods
to study such variation in the global setting. However, there is a mathematical scheme
which allows to study such systems locally in a form of a simpler system - linear system.
The scheme is called linearisation and it derive its validity from Hartman-Grobman theo-
rem also known as linearisation theorem, [2, 6]. To understand the theorem first consider
locality and linearisation.

Consider a nonlinear system given as

&= F(z, o), (2.1)

where x € R" is the dependent n-dimensional variable and function of time ¢. The dots
represent order of time derivative. F(x,) € R" is an arbitrary nonlinear function of z,
and parameter o € R. Further assume that the system has a fixed point at origin, O, i.e,
at x = 0, for simplification of the process. This simplification is not a special case as any
equilibrium point can simply be translated to the origin through linear translation.

To analyse the local dynamics, the linear approximation of F'(x, «) is obtained by calcu-
lating the Jacobian of F at x = 0. The Jacobian is a n X n matrix with elements given

as, Jij = OF For n = 1 the Jacobian is a regular derivative of F with respect to z. The

Ox;
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Figure 2.1: Description of linear stability analysis.

Jacobian defines the ways in which the function affects the neighbourhood of any point.
Therefore, the Jacobian matrix, say A, of F' determines the local dynamics around any
fixed point | or in our case, the origin. The local dynamics is given by the equation

i= A (2.2)

Here x denotes the states of the local dynamics. Given the linearisation of the nonlinear
equations, the Hartman-Grobman theorem states that for an hyperbolic equilibrium point,
x*, i.e, for those equilibrium points for which the Jacobian has eigenvalues with non-
zero real parts, the dynamic flow of system (2.1) will be topological conjugate to the
dynamical flow of (2.2) in some neighbourhood of z*. A more well explained explanation
and the proof could be found in several literature, [1, 2, 6]. This shows the effectiveness of

linearisation in predicting the qualitative behaviour of the system near equilibrium points.

Linear Stability Analysis

The general form of linear system and the linearised nonlinear equations is given by
(2.2). The matrix, A, could comprise of linear coefficients from linear dynamical system
or coefficients from linearised nonlinear equations. In both cases, the eigensystem of A
determines a lot of qualitative features of the dynamics. Based on the eigensystem of A,
the solution of (2.2) can be a center, focus, node, or a saddle. Based on the trace and
determinant of the matrix A, a description of solution set of (2.2) is given in figure 2.1.
The stability of the point is determined by the real part of the eigenvalues. A fixed point
is stable if the real part of the eigenvalues are negative and, unstable, if the real part
is positive. In figure 2.1, the stable region is to the left of the y-axes. On the axis the
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real is part is zero which corresponds to center type periodic orbits, and to the right it
is unstable. Apart from this, the point can also be a saddle where it is stable along one
direction and unstable along another.

In linear systems, the above mentioned solutions are the exhausted set of general solutions
and are valid throughout the phase space. For nonlinear systems, there may be multiple
fixed points in the phase space because of which the linearisation around a fixed point is
valid in a limited region of the phase space. Hence, linearisation of nonlinear systems de-
termines only local stability and not global stability. For instance, in undamped unforced
Duffing oscillator equation the center orbits around the origin undergoes heteroclinic bi-
furcation as it encounters the other fixed points of the system and forms a heteroclinic
orbit, [6, 8].

2.2 Analytical Methods for NODE

Modelling of physical systems helps to understand the working, as well as, in anticipation
of unknown behaviours of the system. This demands an repository of analytical tools to
extract various properties of the dynamics of the system. Various tools pertinent to this
end are mainly of two types - analytical and numerical. Numerical tools and methods are
very efficient, fast, and accurate. However, it has its limitations as well. The efficiency of
numerical methods are bounded by the theoretical developments in various algorithms.
The quickness of numerical schemes are also bounded by technological advancements in
the computational power. To overcome the shortcomings, analytical methods are utilised
in simplifying the equations and rationalise expressions before putting it through nu-
merical schemes. In this section, we shall look into basic analytical treatments usually
applied to nonlinear systems with special emphasis on methods relevant for the case stud-
ies adopted in this theses.

In linear systems, the local dynamics translates into the global behaviour and the solutions
could be obtained in a closed form function - exponential. This property of linear systems
aid in the construction of a general solution. Introduction of nonlinearity destroys this
homogeneity of the phase space which, in general, prohibits to obtain a general solution
for the system. Very often, novel functions are created to define the solutions in certain
nonlinear equations, particular cases shall be presented in chapters 3 & 4.

The solution set of a NODE can have different type of solutions representing different
dynamical behaviour. These solutions are majorly of two categories - transient states,
and steady states. The steady states could be fixed points, periodic orbits, homoclinic
and heteroclinic orbits. In this theses, we shall be interested in periodic solutions and its
characteristics. Periodic orbits are those for which the orbits revisits a state (other than
fixed points) after a finite time. Periodic solutions of dynamical systems can be of centre
type or an isolated periodic orbit, called limit cycle. The centre type periodic orbits are
densely packed periodic orbits such that there is a periodic orbit in the neighbourhood of
every periodic orbit. These orbits are characteristics of conservative systems where each
orbit corresponds to a certain energy level define through the integral of motion, [9, 10],
most commonly the Hamiltonian, [9, 10, 11]. For such system, a closed-form exact solution
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could be found through the Hamiltonian atleast upto quadrature. However, for nonlinear
systems, the Hamiltonian is often very complex which restricts to get the solutions in a
functional form, as will be shown in chapters 3 & 4.

For non-conservative systems or in broader category of non-integrable NODEs, there
are not enough integrals of motions to obtain a general solution. These are usually
damped, coupled, systems with delays or with fractional derivatives. Difficulties become
grievous for non-autonomous systems, where there is an explicit time dependence. For
remedy, various analytical methods have been developed to approximate the solutions,
most prominent of which are perturbation methods, [1, 12]. Perturbation methods are
applicable for weak nonlinearities where the effects of nonlinear terms are weakened by
associating a small parameter with the term. Although, this restricts the application
scope of these methods, it is still helpful in dealing with a wide class of nonlinearities
and widely used in practise. Perturbation methods include Lindstedt-Poincare method,
[1, 13], Homotopy perturbation method, [14], Multi-scale perturbation methods, [5, 15],
averaging method, [12] etc,. Apart from this, there are variational techniques such as
Variational Iteration Method (VIM), [16], Ritz method, soliton solutions, etc,. Other non-
perturbative methods include Adomian Decomposition method, [17], Harmonic Balance
Method, modified Lindstedt-Poincare, [18, 19], etc,. These non-perturbative methods are
applicable for strong nonlinearity in equations.

To understand the concept of perturbation methods in NODESs a prerequisite is to com-
prehend the idea of how nonlinearity influences the dynamics across scale. This scale
varies according to degree of relevance in terms of how far is the interested state from the
perturbed state. For instance, the cubic nonlinearity in Duffing equation is not much rel-
evant for the dynamics near the origin. However, nonlinearities does play influential role
qualitatively which could be extracted through the perturbation scheme. The solution is
constructed in the form of a power series in the small parameter and, as the parameter is
assumed to be much less than one, the higher power terms become less relevant. These
higher power terms are consider as corrections. Writing the solution in power series needs
to address a major question of convergence of such series and its region of convergence.
The vindication comes from a theorem by Kolmogorov, Arnold, and Moser called KAM
theorem, [20, 21], named after each contributor. Without indulging in the technical de-
tails of the theorem, the theorem basically describes the persistence of the invariant tori
of integrable systems under small weak nonlinear perturbations beyond which the system
enters chaotic realm where the steady states collapse. Taking cue from this, in pertur-
bation methods the dynamical system is considered as a perturbation of a simple system
and the weak nonlinear terms are considered as perturbations, [22], which contributes to
the correction terms. The simple systems could be linearised system, or an integrable
system, or normal forms.

The main perturbation methods employed in this theses are - Lindstedt-Poincare and
multi-scale analysis method. In regular perturbation scheme, the solution and frequency
are assumed to be in power series given in the form

v(t) = wo(t) +x1(t)e + z2(t)e + ...,
wt) = wolt) +wi(t)e +wa(t)e® + ..,
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where 0 < € < 1 is the small parameter and x;s and w;s denote the state and frequency of
dynamics at the corresponding ith scale. Next step is to substitute the above expansions in
(2.1) and equate expressions for each order corresponding to the power of € and solve them.
The zeroth order equation is simple and can be solved in a straightforward manner in terms
of regular trigonometric functions. However, higher order equations often have secular
terms which leads to blow-up of the solution. In Lindstedt-Poincare these secular terms
are equated to zero and the respective solutions give correction terms for the frequency
expression.

In multi-scale analysis, the dynamics is studied at multiple time scales. For this the
natural time is split up into different scale rather than the frequency as

T:t0+t1+...,

where 7 is the new time and t; = g €’ corresponds time scale in each scale. The dynamical
equation is then expanded, separated, and solved for each scale. The dynamics across
multiple time scale is observable for damp oscillations where the oscillation is taking
place at a faster scale and the damping at another slower scale. These two methods are
well known in literature and a detailed introduction could be found in [1, 2, 5, 9]. The
methods can be seen in practise in chapters 5 & 6.

2.3 Numerical Methods for NODE

Numerical methods for dynamical systems, particularly for NODEs, existed since the
realisation of the subject and its development runs parallel with theoretical advancements.
The pioneers of numerical analysis include Fuler, Newton, Lagrange, Gauss, Chebyshev,
Fourier and many others. However, the major impetus to the field was provided with
the improvement of computational technology. Although, the basic idea of numerical
algorithms remain in the discretisation and iterative calculations of differential equations,
new algorithms are developed to incorporate the challenge of increasing complexity of
nonlinearities in the system.

The class of case studies undertaken for this theses can be characterised as initial value
problems (IVP). Prominent numerical algorithms for these problems are Runge-kutta
methods, such as Euler method, [23, 24], and multi step methods such as Adams-Bashforth
method, [23, 24]. The multi step methods are also referred as predictor-corrector methods
where individual steps can be solved using any Runge-Kutta schemes. These methods
can calculate the solution of the system based on either current state of the system,
known as explicit methods, or through both current and later state, known as implicit
methods. Apart from these methods, there are modified versions of these methods for
specialised nonlinearities like in delay differential equations, [25], or for fractional differ-
ential equations, [26, 27]. These algorithms need to be implemented in any programming
language such as Fortran, C++4-, Python, Matlab etc,. There are also dedicated packages,
for executing various dynamical analysis functions, such as sciPy, numPy, pydelay, [28], in
python, DDE-BIFTOOL, [29], in Matlab, XPPAUT, [30], Mathematica, [31] etc,. All the
numerical analysis in this theses are done in Mathematica (mostly), Python, and Matlab.
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Chapter 3

Nonlinear Damping

In physical systems energy is not a constant or a conserve quantity and dissipation is a
natural part of the system. The dissipation of energy leads to damping in the motion
which may or may not be desirable. This damping of the motion is often treated as
linear. However, this is an approximation which lose its relevance in high velocity flows.
An accurate modelling of the damping can be done only in a nonlinear fashion and the
structure of this nonlinearity varies from system to system.

The phenomenological modelling of damping is done in terms of velocity raised to some
power, usually written in the form v|v|P~! where p € R, [1]. In most application, only the
linear term, denoting viscous damping, is assumed. This linear assumption often proves
to be too simplistic and fail to represent dissipation in the system. Such viscous damping
is valid for low velocity oscillations in fluid mediums, [2]. For different scenarios separate
damping exponent is considered or a combination of them. Among integer order damping
exponent, the most commonly employed exponents are, p = 0, to model Coulomb damping
or dry friction, [3]. This type of damping occurs when two machine parts rub against each
other p = 1, for the linear case, and p = 2 case representing Quadratic damping which
is encountered in flows with high Reynolds number, [4]. Damping of fractional orders
as well as combinations of different damping mechanisms have been utilised in physical
modeling as well, [5, 6].

In this chapter a generalised quadratically damped oscillator shall be analysed from a
Hamiltonian point of view. Further, conditions will be obtained for closed and damped
orbits. Moreover, an integrable structure of such damped systems shall be developed.

3.1 Chiellini Integrability @and  Quadratically
Damped Oscillators

In recent times a number of articles have appeared in the literature which deal with the
phenomenon of a linear oscillator subject to a quadratic damping force [7, 8, 9, 10, 11].
Most elementary textbooks deal with viscous damping for the obvious reason that it
involves a linear dependence on the velocity of the oscillator and presents the simplest
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situation where an exact analytical treatment is possible. In general this involves analysis
of a second-order ordinary differential equation (ODE) of the Liénard type [12], namely
Z+ f(x)i+ g(z) = 0, where it is assumed that f is a constant and the function g = x. As
damping does not arise from a single physical phenomena and is itself of various kinds, e.g.,
material damping, structural damping, interfacial damping, aerodynamic and hydrological
drag etc., therefore a different mathematical description is needed in each case. Systems
like the simple harmonic oscillator and the viscously damped harmonic oscillator, both
of which can be solved by elementary techniques, however, represent idealizations of real
life phenomena because they ignore nonlinear aspects of the forcing term as well as the
damping force.

For more realistic models applicable to problems involving hydrological drag and aero-
dynamics, which usually involve higher velocities, the damping force is found to be pro-
portional to the square of the velocity. The same is also true when an immersed object
moves through a fluid at relatively high Reynolds numbers [13]- the corresponding drag
force is found to be proportional to the square of the velocity v = sgn(#)4?. In recent
times oscillators with a non-negative real-power restoring force F(x) = ksgn(z)|z|* and
quadratic damping have also been studied by Kovacic and Rakaric [11].

The principal feature associated with quadratic damping is a discontinuous jump of the
damping force in the equation of motion whenever the velocity vanishes such that the
frictional force always opposes the motion. For oscillatory systems this occurs every half
cycles and means that instead of a single equation of motion the latter splits into two parts
depending on the sign of the velocity. Each equation has to solved separately and matched
at the points where the velocity changes sign. In general solving such a system in presence
of nonlinearity is a rather daunting task and only in rare cases is an exact solution to be
expected. Numerical techniques on the other hand provide valuable information about
the evolution of the system and its general nature.

From the mathematical point of view the construction of first integrals for systems in-
volving a quadratic dependence on the velocity often provides interesting insights. Indeed
constants of motion are the bedrock of many of the conservation principles at the heart
of theoretical physics: the work-energy theorem applied to a conservative system, is per-
haps the most striking and often quoted example, as it has evolved into the principle of
conservation of energy.

In this work we examine the equation, Z + sgn(z) f(z)2* + g(z) = 0, in the light of several
recent articles which have also dealt with the same equation[7, 8, 9]. This is a discontinu-
ous generalization of an equation of the Liénard type involving a quadratic dependence on
the velocity. In particular we show that by imposing the Chiellini condition of integrability
on the functions f and g one can subsume many of the previous examples into a compact
scheme. Incidentally the Chiellini condition is typically encountered in the context of
integrability of the standard Liénard equation in course of its transformation to the first-
order Abel equation of the first kind and also while finding a Lagrangian/Hamiltonian
description of the Liénard equation [14, 15, 16]. However, its application in the case of
quadratic damping appears to be new. We show how one can derive in a systematic
manner the maximum amplitudes analytically in terms of the Lambert W function and
also construct a formal solution up to quadrature.
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The organization of the paper is as follows. In Section 2 we review the second-order ODE
with a quadratic dependence on velocity in the context of its Lagrangian/Hamiltonian
description. It is shown that such a system may be interpreted as one displaying a
position dependent mass function. The trajectory is explicitly displayed by numerical
investigations. In Section 3 we split the ODE into two parts as mentioned above depending
on the sign of the velocity # and investigate the trajectories, maximum amplitudes as
well as period of oscillations. In particular we show that the periods of the cycles and
the corresponding maximum amplitudes are both determined exclusively by a potential
function which involves the position dependent mass function. Furthermore by invoking
the Chiellini integrability condition it is possible to write down analytic formulae for the
maximum amplitudes in terms of the Lambert W function [17, 18], and also deduce the
solution up to a quadrature.

The Lambert W function is defined as the inverse function of the mapping x +— xe® and
thus solves the equation ye¥ = x. The solution is given in the form of the Lambert W
function, y = W (z), i.e. W satisfies W (x)e" @) = z. The equation always has an infinite
number of solutions, most of which are complex, and W is multivalued. The examples
presented here include those obtained earlier by Cveticanin [7, 8].

3.2 The Hamiltonian in presence of quadratic veloc-
ity
Consider a second-order ODE with a quadratic dependence on the velocity given by

i+ f(z)a* +g(z) = 0. (3.1)

We assume f(x) and g(z) are such that f(0) = ¢(0) = 0 and f(z) is integrable while
¢'(0) > 0. The functional form of g(z) = ¢’(0)x + g,(z) where g,(z) is analytic.

The Jacobi Last Multiplier (JLM) originally arose in the context of Jacobi’s efforts to
derive an additional first integral for a system of n first-order ODEs given (n—2) conserved
quantities [19, 20]. It also appears in the Lie theory of infinitesimal transformations
[21, 22]. In addition the JLM plays a pivotal role in the context of the inverse problem
of Lagrangian dynamics as it allows for the determination of the Lagrangian of a second-
order ODE of the form, & = F(z,%), an aspect that has been extensively probed in
(23, 24, 25, 26, 27, 28]. In this context the JLM may be defined as a solution of the
equation,

J .
KLl CoX (3.2)
dt

Therefore in case of (3.1) it follows that

M =exp (2F(x)), where F(z)= [ f(s)ds. (3.3)
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The relationship between the JLM, M, and the Lagrangian is provided by, M = 9*L/di?,
as a consequence of which the Lagrangian of (3.1) may be expressed as

L= %e”(%ﬂ —V(x). (3.4)
The potential V' (z) is determined by substituting (3.4) into the Euler-Lagrange equation
i (@) = (@)
dt \ 0z ox )’
and comparing the resulting equation with (3.1) which immediately shows that

V(z) = /01 P& g(s)ds. (3.5)

Using a Legendre transformation we then obtain the Hamiltonian

1 x
H= 562”“%2 +/ ) g(s)ds. (3.6)
0

It is easily verified that H is a constant of motion and the expression for the conjugate
momentum, p = 2@, suggests that, M = e2®) serves as a position dependent mass
term. In fact equations with a quadratic velocity dependence of the type considered here
naturally arise in the Newtonian formulation of the equation of motion of a particle with a
variable mass. Clearly then, the trajectories for arbitrary initial conditions (xo, ), where
y = &, are given by

1 1
¢TI V(@) = Ty V(o). (3.7)

In terms of the canonical momentum, p = €23, the Hamiltonian H becomes

p2

Defining a new set of canonical variables
__b — ’ F(s —
P = o) and Q= /0 eFds = U(x), (3.9)
the Hamiltonian has the appearance
1 1
H = 5P2 + V(@ HQ)) = 5P2 + U(Q), where U =V oU™h (3.10)

and corresponds to that of a particle of unit mass provided ¥(x) is invertible.
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Let us consider a simple example in which f(x) = constant and g(z) = z. In particular
suppose f(z) = 1/2, so that F(x) = x/2. Then the canonical momentum and coordinate
are P = ¢*/?y and Q = 2¢%/? respectively, and V(z) = ¢®(z — 1) + 1. Thus in terms of
the new coordinates the Hamiltonian has the following form
Q2 Q°
H_—P2 Z (= —1 3.11
@@ ) (3.11)

(a) f(z) = 05, g(x) = (b) f(z) = 3, g(a) = & + 2

Figure 3.1: Phase plots showing the existence of a center for two different combinations
of f(z) and g(x) for multiple initial conditions.

Figure 3.1 shows some of the trajectories for the Hamiltonian in equation (3.7) with
different initial conditions and it is clear from these figures that the origin (0,0) is a
center.

Note that for suitable choices of the functions f and g, (3.1) often exhibits the property
of isochronicity and this feature has been extensively studied in [29, 30, 31].

3.3 Quadratic damping

It is plain that (3.1) cannot describe a system with a quadratic damping as the term
involving #? does not change sign and oppose the motion when the velocity reverses its
sign. To remedy this feature it is necessary to split (3.1) into two parts and write

i+ f(x)i* +g(x) =0, >0, (3.12)

i— f(x)i* 4+ g(z) =0, @<0. (3.13)
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Let us denote the Hamiltonian associated with these pieces by

1
H* = E(fﬂF(”":)y2 + VE(z) (3.14)

with the superscript + standing for & = y > (<)0. Furthermore it will be assumed
that the initial point (zg,y0) with (yo > 0) is such that V*(xg) = 0 and F(zo) = 0.
Thus when motion commences from the initial point then the trajectory is defined by
H™ = K§ = y2/2 or in explicit form

1 1
§e+2F(z)y2 YV () = §y§‘

This trajectory first crosses the z-axis at say = x; when the velocity y = 0. Con-
sequently the point of intersection x;(> 0) which denotes the maximum amplitude is
determined from the equation V*(x1) = 43 /2, i.e., from

1 1
/ & g(s)ds = 53/(2) (3.15)

Zo

Continuing the trajectory to below the x-axis means that it is now determined by the
equation

1
H™ = 5 Oy 1 V() = Ky

where the constant K is determined by the new initial condition (z1,0) which represents
the first turning point. This gives K; = V'~ (z1) so that beneath the z-axis the trajectory
is given by

1
56_2“9&)92 + V7 (z) =V (1)

At the next turning point we have (x = xq9,y = 0) and

V7<LU2) = Vi(l'l), (%2 < 0) (316)

which allows for the determination of x,. After this we are again above the z-axis and
the trajectory is given by H™ = K, with Ky = V(). Continuing in this manner we
may summarize the points of intersections with the x-axis by stating that:

if © =odd then z;,, is determined by

Vo(@i) = V7 ()
and if © =even then z;,, is determined by

V+ (xi-i-l) = V+ (I‘Z) .

3.3.1 Closed and Damped Orbits

Systems given by (3.12) and (3.13) do not always show damped behaviour. The as their
qualitative features depend on f(z). We consider two cases: f(z) = 0.5 and f(z) = 3z
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Amplitudes (|z,])
x1  0.7680390470134656
x9  0.5049710640693359
3 0.37698121404812546
xq  0.3009607508865283
x5  0.2505262046138416
xe 0.21459868739856763
x7 0.18769746691321143
xg  0.166796834446442
x9 0.15008870326261628

Table 3.1: Values for the amplitudes in each half cycle when f(z) = 0.5 and g(z) = « for
the system described by (3.1) and (3.2).

N | a\
@ g

Figure 3.2: Phase plots for the system described by (3.12) and (3.13) when (a) f(z) = 0.5
and g(x) = x showing the spiralling nature of the trajectory and (b) f(z) = 3z and
g(x) = z + 23 for which the orbits are closed.

with g(x) = x and g(z) = = + 23, respectively. Figure 3.2 shows the plot for both the
cases in phase space. When f(z) = 0.5 the amplitude continuously diminishes and the
trajectory is a spiral. Table 3.1 below gives the values of the amplitudes for each half of
the cycle. In this case the damping force has the same sign as the linear damped oscillator
in each of the four quadrants. Indeed whenever f(z) is an even function this feature is
present.

However when f(x) = 3x one finds that the orbits are closed. Figures 3.2a and 3.2b shows
the orbits for four initial conditions. In this case the damping force alternates in sign in
each of the four quadrants — a feature shared by all odd functions f(z).

In Figure 3.3 the potentials V*(x) are plotted for both the cases under study. From the
figure, it is clear that there are initial conditions for which bounded solutions exists in
both cases.

Now, consider the kinetic part. In our case the mass term is position dependent and it
plays a key role in whether there is closed or damped orbit. The main idea is the mass
term depends on F'(z) only. Consider figure 3.4 of contour plots of Hamiltonian in the

29



A 8
! 6
I.“:- 3
g 4
2F |
B o : . 2 ] 2 4
(b) V™ (x)
D4
0.3
> T U
0irE
0.0 T S NS N R N S N ) LR R OB oo RO W
3 -2 -1 0 1 2
k
(d) V™ ()

Figure 3.3: Plots of the potentials V*(x) for the system in (3.12) and (3.13) when f(z) =
0.5 and g(z) = z in (a, b) and when f(z) = 3z and g(z) = z + 2% in (c, d).
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two cases. In the first case, f(z) is constant and so even and therefore F'(z) is odd. While
in the second case, f(z) is odd function and F'(z) is even and its evident from the plots
that Hamiltonian is symmetric about the y-axis.

-0.5

-10 -0.5 0.0 0.5 1.0
X

(a) f(z) =0.5,and g(z) == (b) f(z) =3z and g(z) = = + 23

Figure 3.4: Contour plots of Hamiltonian of (3.12), (3.13) defined (3.14) for different
combinations of f(z) and g(z).

Figure 3.5 depicts the behaviour of higher degree functions.

-05F

Figure 3.5: Phase space plots of the system (3.12) and (3.13) for higher degree polynomial
f(x) and g(x): (a) when f(x) = 22, g(z) = 2° and (b) when f(z) = 23, g(x) = 27 showing
the spiral nature of the trajectory for even f and the closed orbits for odd f.
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3.3.2 Analytic results based on Chiellini integrability condition

It is interesting to observe that invocation of the Chiellini condition for integrability
allows us to determine analytically the maximum amplitudes. This may be accomplished
by noting that as

Vi(%’) _ /x:l eﬂF(s)g(s)ds _ /x:l eiQF(s)%f(5>d5

where F(x f f(s)ds <= F'(x) = f(z), we have after integrating by parts and using
the Chlelhnl mtegrablhty condition,

d

- (%) = uf(x), p=const.(#0), (3.17)

Ty

tpy = Lo ere (908)
V) = o (f<s> <i2>) .

The Chiellini integrability condition was derived in the context of exact integrability of
the Abel equation of first kind [14, 15]

(3.18)

W flaye? + gla)

dx
A second-order ODE of the Liénard type, & + f(z)& + g(x) = 0, may be transformed to
the first-order Abel equation of the above type by the transformation # = 1/v. A proof of
the exact integrability of the Abel equation using the Chiellini condition is given in [16]
and the class of exact solutions of the Liénard equation in parametric form is derived.
Extension of the Chiellini integrability condition to the general Abel equation is also dealt
with in [16].

Recently it has been demonstrated in [32] that the Liénard equation, y"(2) + f(y)y'(z) +
g(y) = 0, can be mapped to the linear equation we¢ + ow; —|— w = 0 by the transformation
w = F(y),d( = G(y)dz where G(y) = f(y)/o and F(y M f(y)dy + k) provided
the Chiellini condition namely d/dy(f/g) = const.f is satlsﬁed The condition (3.17)
implies that g/f = puF(z) + v where v is an arbitrary constant of integration. Clearly
the functions f and ¢ are no longer functionally independent. This severely restricts the
class of equations of the Liénard type that can be analytically solved in parametric form.
Nonetheless if f and g are certain prescribed functions which do satisfy the Chiellini
condition then it is a straightforward matter to read off the values of the constants p and
v from the aforementioned ratio.

Now by defining ny = (+£2v — p)/p and introducing the function Gy (z) = £2F (x) + 14,
the expression for the potential in (3.18) can be put into the form

VE(x) = %e‘"i e GG, (;) — ¢ mO)Gi(xo)} (3.19)
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As mentioned in (3.4) the first turning point is given by a solution of V(1) = y2/2
which is positive or more explicitly by a positive solution of

2
€G+(x1)G+(x1) _ 6G+(IO)G+($0) + %eﬁﬁ (3.20)
L

In general it is possible to find recursively the subsequent turning points which are the
solutions with proper signs of the equation

@G (141) = @G o (;), +(—) for i = even(odd). (3.21)
Eqn.(3.21) has the appearance eX X = Y which is the the standard form of the Lambert

equation and its solutions are given by the Lambert W function, i.e, X = W(Y'). Hence
it follows that

Gi(zip) =W (eGi(“)Gi(xi)) , (3.22)

from which we can formally determine

Tip =G (W (eGi(xi)Gi(xi))) , +(—) for i = even(odd) (3.23)

if the function G4 is invertible. Therefore we conclude that if the Chiellini condition
is fulfilled by the functions f and g then the maximum amplitudes can be determined
recursively in terms of the Lambert W function.

3.3.3 Analysis of the period function

Starting from the initial point (x¢,yo) if the first intersection with the z-axis is at « =
x1(> 0) then subsequently the trajectory is determined by the condition

; O LV () = V().

If the next turning point, i.e., the next intersection with the negative z-axis is at x = x5
then the time for the transit of the half-cycle from x; to x5 is given by

F(@) e

f/ W V(o)

Similarly the time taken for the transit of the next-half cycle from x5 on the negative
x-axis to x3 on the positive x-axis is given by

(3.24)

1 eF'@dy
T3 = —= .
V2 Joy V() = VH(z)
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Cycle(n'™) T, AE,
6.360502498547287  0.08805266518005395
6.308066845017076  0.01833863366586541

6.295534499523865
6.29057350609154
6.288104015677968
6.286695917618085
6.285816631877343
6.285230961390923
6.284821348882355

0.006618943128696708
0.0031022724220284292
0.0016959179654737477
0.0010263408918240735
0.0006676772782294726
0.0004584700142998832
0.0003283012470082225

O© 00 1O O Wi

Table 3.2: Time periods and the corresponding changes in the energy in each cycle when

f(x)=0.5.

(0, o) T

(0,0.2) | 6.197928744154146
(0,0.3) | 6.111126244536706
(0,0.4) || 6.014565567199962
(0,0.5) || 5.918345639978987

Table 3.3: Time periods of the cycles when f(z) = 3x for different initial conditions.
Thus the time taken for the completion of the first cycle is T} = 715 + 723, Viz

eF'@ dy

1 T2 efF(:v)dx z3
he% [_ / @) V@ / V@) — V(@)

In fact it is straightforward to generalize this formula for the n-th cycle which is given by

(3.26)

1 Z2n —F(a:)d Toan+1 F(z) g
T, = — |- ¢ < n S (3.27)
V2 | Jowr VV @20) = V(@) Joow AV (m20) = VH(a)
The energy dissipated in the n-th cycle is given by
AEn = V_(I'Qn_l) — V+($2n). (328)

Table 3.2 gives the values of the time periods and the changes in the energy for the case
f(z) = 0.5 while Table 3.3 shows the time periods of the closed orbits for three different
initial conditions when f(x) = 3z. Note that we have assumed that the energy of the
system is given by the Hamiltonian, which is a constant of motion, and differs therefore
from the mechanical energy used by other authors [7].

3.3.4 Analytic Solutions

As for the solution of (3.12) and/or (3.13) it will be observed that as H* in (3.14) is a
constant of motion therefore on the level curves, H* = E*, one has
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i =4/2(E* — VE(x))eTF@), (3.29)

where

=+ ) = xe:I:QF(s)M s)ds
Vel = [ O

Upon imposing the Chiellini integrability condition it follows from (3.7) that the potential
is given by

VE(r) = %e’"i [eGi(x)Gi(x) — eGi(‘TO)Gi(Q:O)} .

Substituting this into (3.29) we have

% - i\/ge—ﬂ:t/Q\/K:t — eGi(I)Gi(x)eiF(x),

where K* is a constant. Hence it follows that the solution is reducible to quadrature
—_— \/? v eG+(9)/2g |
M Sz \/KjE — eG()G L ()

3.4 Conclusion

In this work, a Liénard type equation with quadratic damping has been considered. It
is observed that in order to incorporate damping it is first of all necessary to introduce
a discontinuity in the equation depending upon the sign of the velocity. We observe
further that if the function f(x) is even then the motion is damped with the amplitudes
decreasing in each cycle. However, when f(z) is an odd function then the effects of the
damping and the change in the sign of the velocity when taken together no longer lead
to damped motion but instead give rise to closed orbits with fixed amplitudes. We have
shown that by imposing the Chiellini condition of integrability on the functions f and g
one can subsume many of the previous examples into a compact scheme. Incidentally the
Chiellini condition is typically encountered in the context of integrability of the standard
Liénard equation in course of its transformation to the first-order Abel equation of the first
kind and also while finding a Lagrangian /Hamiltonian description of the Liénard equation.
But its appearance in the analytical determination of the the amplitudes of motion via the
Lambert W function certainly seems to be new. Finally using the Chiellini integrability
condition it is possible to obtain the solutions of (3.12) and (3.13) up to a quadrature.

Clearly it would be interesting to generalize the present results to the situation where
the nonlinear restoring force is of the form F(z) = ksgn(z)|z|*; such a model has been
investigated by Kovacic et al. [11].
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Chapter 4

Strongly Nonlinear Oscillators

Nonlinearities make differential equations difficult to solve and, in general, prohibit them
to obtain explicit solutions expressible in finite terms. For this, dynamical system the-
ory allows linear approximations of such systems through the method of linearisation
(explained in second chapter). This simplification permits an approximation of the solu-
tion, and further analysis of the system. However, there are dynamical systems for which
such linearisation methods does not work. Such systems either have nonlinear terms
which strong in comparison to the linear term or there are no linear terms present in the
equation. These are referred to as strongly nonlinear systems, defined in [1]. For these
systems the linear approximation of the nonlinearity around the origin is not possible
which restricts to study the dynamical features of the system..

Strong nonlinearity appears quite naturally in physical systems, especially in engineering
sciences. In many experimental studies it is found that various materials such as aircraft
materials, [2, 3], ceramic materials, [4], alloys, [5, 6], polymers, [7, 8], etc,. show strongly
nonlinear behaviours in their stress-strain relations. The stress-strain relations determine
restoring forces on the material which, in turn, defines the amplitude and frequency
profile of the oscillation dynamics. In the linear regime, the stress-strain relationship is
given by Hooke’s law. For Hooke’s systems, the potential is of quadratic form and the
restoring force is linearly proportional to the displacement. However, this law is valid
for small displacements only and as the displacement of the material is increased beyond
a limit the material starts to behave in nonlinear manner. This linear approximation is
sometimes called harmonic approrimation and the deviation from the linear regime is
termed anharmonic effects.

The various applications of strongly nonlinear systems demands persistent theoretical
developments. Concerned with such problems, nonlinear dynamics practitioners have
shown much interest in recent decades, [9, 10, 11, 12]. A very prominent text would be
the book by Livija Cveticanin, [1], which inspired the studies in this chapter as well as
the title. Another eminent book about this subject is by Ronald E Mickens, [13], where
various analytical methods for the treatment of such systems are compiled. To deal with
such problems there are various approximation techniques developed over the course of
time, some notable methods includes the harmonic balance method, [14, 15], asymptotic
methods, [16, 17, 18], modified Lindstedt-Poincaré method, [19, 20|, variational methods,
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[21] and others. These methods provide good insights into the working of the system and
helps in understanding the form of the solution. However, because of the approximation,
and lack of tools inhibits the approaches to appreciate the dynamical aspects of such
systems.

In this chapter, I considered two studies consisting of strongly nonlinear oscillators. In
the first study, I have considered purely nonlinear potential systems which are of the form
sgn(x)|z|*, where sgn(x) is signum function which return the sign of the argument, and
« is the order of nonlinearity. In experiments it was found that o can be an integer or
non-integer, [22, 23, 24, 25, 26]. Strong nonlinearities need not come from the potential
part of the system. In the next study, I considered a system with quadratic damping
experiencing a strongly nonlinear restoring force of generalised nature.

4.1 Nonlinear Oscillator: & + c2sgn(x)|z|* =01

From a theoretical point of view it is always desirable to have exact or accurate analytical
approximations for the solutions of such equations. Lyapunov showed that when restoring
force is proportional to an odd integer power of the displacement then the solution can
be expressed in terms of the generalised cosine and sine functions denoted by cn and sn
respectively.

On the other hand for the systems of the form

i+ csign(z)|x|* =0, (4.1)

or the allied system

&+ Ar|r|* !t =0,

where « is not necessarily a positive integer and the solutions are described by Ateb
functions (see appendix) which are the inverses of the incomplete Beta function.

As a generalisation of the potential %3 an exact formula for the time period of the
oscillation of the system (4.1) subject to the initial conditions z(0) = A and #(0) = 0 is

given in [28],
8 F L l—a
"=\ (1) | (12)
ci a+
@ I <2(a+1))

where I represents Euler Gamma function. The formula reduces to i—“ when o = 1 which
corresponds to linear harmonic oscillator. The solution may be expressed by the three
argument Ateb function

x = Aca(a, 1, wet),

IThis is part of published work, [27]
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with frequency given by

e = | AT ci(a+1)
ca — 2 .

It is evident that the frequency is in general amplitude dependent, unless o = 1, which is
the linear case.

4.1.1 Time period using Symmetrization Procedure

In this section we will explain the potential Symmetrization procedure given by Manosas
and Torres in [29]. In the process we consider the potential function of purely nonlinear
oscillator. The expression for the potential energy of the system govern by (4.26) is given
by

02

Ulz) = a—jl\xla“, (4.3)

where it is clear that U(0) = U’(0) = 0 such that U(z) has a local minima at origin, then
we can define an involution by

U(o(x))=U(z), & z0<0. (4.4)

Now, let us define

g(x) = sign(z)\/V (z). (4.5)

Combining this with the involution (4.4), we have

= sign(o(2))y/U(o()),

g(o(x))
or g(o(z)) = —sign(z)\/U(x),
or glo(x)) = —g(z),
or o(x) = g ' (—g(x)). (4.6)

For our potential

2| %5 (4.7)

Also

(4.8)



Now set h(z) = x_g(x), and define the symmetrized potential as U = U o h~!. The basic

properties of h and U are

Lemma 4.1.1 The following assertions hold:
o h(o(z)) = —h(z);
o U(z) = U(h(z)) and U is an even function;

o hi(x)—hl(—z)=2x.

The lemma is part of [29] and the proof could be found there. Now, for the symmetric
potential, we define
9(x) = sign(x)\/U(z),

which is an analytic odd diffecomorphism defined in hA(P) and g = g o h. For our case,
h(x) = z, therefore we have

9(x) = g(h(z)) = I(x).
Consequently from (4.8) we have

Ca a+1

a8, (4.9

9(x) = sign(x)

and

”O‘Hmail). (4.10)

(67

i) = signt) (

Now if Ty ;) and Ty (y) denotes time period corresponding to the potentials V' (x) and
V(y), respectively and = € P, y € h(P), then we have the following theorem,

Theorem 4.1.1

Ty(x) = 2\/5/02(§‘1)’(§(h($))8m(9))d9 = Ty (h(z)).

The proof of the theorem in given in [29]. The theorem shows that using the above
construction any potential can be transformed to a symmetric potential keeping the time-
period invariant. Now using the result from the theorem the time-period for our case is
given as,

42 3

—a [2 . l-a
TU(.T()) = C\/ﬁ’l’orz/o (Slne) LFD‘ d9,
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or

87T F ( L ) 11—«
T, = atl = 4.11
U(l’O) ca(oz—i-l)r( (o¢+3)>’$0| 2, ( )
2(a+1

which exactly matches with the results obtained in [30].

The construction done in this section transform an asymmetric potential into a symmetric
potential keeping the time-period in the process invariant. Although the case considered
is already symmetric, the recipe is applicable in general. For purely nonlinear oscillators
calculation of frequency is not straightforward, however, the method described here is
helpful for such purposes. This will be more clear in the next section where we consider
isotonic and generalised isotonic potential systems and obtain the corresponding time-
periods using the symmetrization arguments.

4.2 On Generalised Isotonic Potential 2

The potential of linear harmonic oscillator (LHO) given by, w?z?/2,is a rational function
having a minimum at the origin x = 0 and is symmetric. The LHO is characterized by
the fact that its time period is independent of the amplitude. Although there are several
instances of differential equations exhibiting periodic motion, it is indeed rare to find
systems displaying periodic motions with an amplitude independent time period. Such
systems are said to be isochronous and apart from the LHO there is only one isochronous
system with a rational potential namely the isotonic oscillator [31]. The equation of
motion, given by & + w?r = [?/23, is nonlinear and derived from the isotonic potential,
V(x) = w?z?+ [?/2%. The potential consists of two branches separated by the asymptote
x = 0 with each branch being as asymmetric curve displaying a minima. Physically a
system governed by the isotonic potential corresponds to a simplest two-body case of the
N-body translational invariant Calogero model [32] and is of great interest in quantum
optics [33] and in the theory of coherent states [34, 35].

In this study we will consider isotonic potential system and, utilising the symmetrization
arguments from previous section, an analytical expression for system will be obtained.
Later, we generalise the isotonic potential and calculate the generalise time period ex-
pression.

4.2.1 Isotonic Potential: A brief recap and time-period calcula-
tion
Consider an isotonic potential given by

V() =al®>+ =, —o00 < ( < oo. (4.12)

b
?7

2This is part of published work, [27]
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It has two branches with minima at ¢ = 4(y, where V'({y) = 0, from which we have
2 b\
2aC0—C—g:0 or COZ(E) ,

and

a

Vi(¢) = a<§>1/2 + b(é)m — 2V ab.

We consider only the branch for which 0 < ( < oo and introduce a transformation of
coordinates such that

(—=F=C—Co, VIO = V(F) =V() —2Vab, —( <7 < oo. (4.13)

Consequently we find that

V(z) = a<§>1/2<<£~0 + 1)2 + (%)mﬁ —2ab

- 2
1
- \/%[(?+1) +—2—2}. (4.14)
0 i
(&)
Upon introduction of the scaling transformations
x=1/C, V(Z) = U(x) = %‘\//(a%), it follows that
v = (s L) cae (4.15)
x)=—|(x - — T < o0 :
2 (x+1)) "~ ’
and the corresponding equation of motion is therefore given by
. au
r = ——
dx
= —k(x+1)+ (4.16)

(z+1)%
which may be more neatly expressed in terms of, ¢ = x + 1, as

k
§+kq——=0, 0<g<oo.
q

It will be observed that U(x) is an asymmetric potential and for every x €
(—1,00) 3 o(x) € (—1,00) such that U(o(x)) = U(z) with zo(x) < 0. We define
a function g(z) by
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It follows that

glo(x)) = sgn(o(z))V/U(o(z))
= —sgn(x)\V/U(r) = —g(),

which clearly gives o(z) = g~ '(—g(x)). However, the bijectivity of g(x) must be estab-
lished.
In general, for x > 0

2
— (r+1)?— E(x+1)y—1:o,
112 2
1==|> —y2+ 4
= T+ 2[1<;y+ k;er]’
= 1+ eyt gy 4 1 (y)
Tr = — —_— _— —=
NoTe 2k” 9\

Hence

which simplifies to

1
it .
o(z) + T < x <00
Next we define a variable h(z) := xi;(x),
1 1
h = — 1 -

Manosas and Torres have shown that there exists a symmetric potential U such that the
period function in the potential U(z) and U(h(z)) is the same. The form of U is to be
found from the relation



In the present case this implies

O (h(x)) = §<x 1o ) = K on(@))? = 2n2(a),

r+1 2
U(€) = 2k€”,
and upon setting k = 1/4, it reduces to
~ 1
0(e) = 5¢° (4.17)

which is just the linear harmonic oscillator potential. Such a choice renders U(x) and the
function g(z) to have the following explicit forms, viz

U(m)—é(w—kl— ! )2,

z+1

g(z) = sgn(m)%(x +1=- i 1).

This symmetrization of the isotonic potential and its subsequent reduction to the poten-
tial of a linear harmonic oscillator is the precisely the reason for these two systems to
have identical time periods of 27w and hence become isochronous. Below we consider a
generalization of the isotonic oscillator potential in the spirit of the opening paragraph of
this article where the parameter « is any positive real number.

4.2.2 Generalised Isotonic potential
Our main result in this context may be stated as follows:

Theorem 4.2.1 For the purely nonlinear generalised isotonic oscillator governed by a

potential
. 2
Ca a+l
Ulg) =3 \ld* ——= |
gl 2

with o being positive real number, with equation of motion given by

. Ca o Cala+1)
i+ o (a+1)q = g

0<q< oo,
8 1=

subject to initial conditions q(0) = qo and ¢(0) = 0, the time period, T, is given by

4 N\ 21 11—%—m 2(m+n)
T = ot ot kAT B(m 1/2,1/2
,/ca(a—l—l)m:On:O(m)( n ) « (m +n+1/2,1/2),

where k., = \/i—ﬁ and U is the symmetrised potential.
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We begin our analysis by considering the potential

Ca

a+1 1 2
Uz) = <& x+1¥——a), 418
0= (1% - (419

with a being a positive real number. The potential is asymmetric vanishing at x = 0
where it has a minimum. The corresponding equation of motion is given by

. Cq Cola+1)
= 1 1= =7
T+ 8(a+ Jx+1) (o 1o

1<z <oo
In terms of the variable ¢ = x+1 and with ¢, = 8/(a+1) this may be succinctly expressed
in the form

1

qa+2 ’

Gg+q“ = 0<g<o

As before, define g(x) = sgn(x)+/U(x) which for z > 0 yields

It now follows that

2
[2 2 att
g Hx)= -1+ < —r+ C—x2 + 1> : (4.19)

Consequently

as before.

Furthermore h(x) also has the same form namely,

h(x)—%(erl—Q:il).

Note that as » — —1 the function h(z) — —oo while as ¥ — oo, h(x) approaches +oo,
that is in other words h(z) € (—o0, +00). Setting U(h(z)) = U(z) we get

z+1=h+Vh2+1,

and hence

J Ca 2(x )T — L x —00, 00
02 = (VI — e ) ) € (00,00
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so that

:g"‘( (Ve+1+67 (\/52*+11+§))a2+1>'

(4.20)

It will be observed that U (€) is symmetric along € = 0, i.e. U(—¢) = U(€), with a minima

at £ = 0.

Now, conservation of energy gives

SE+0(0) = =6,

and equation of motion is given by

which yields

G 4 ((F i Ly (. S Ly )

Ve Ve

Calculation of the Time period

The time period of the above the motion satisfies

T_ §od§
4_/0 4

o 2v/2 o
:T—Q\/_/ = V2

€
JU&) Ue) U@ J1-£8

Introducing a change of variable

R TN N e Y N

The time period in the transformed system is given as

/ d£ >|du
\/1 _ uoz—i—l

Now, the calculation of |%| gives the expression

52

(4.21)

(4.22)



d¢ kq 2 | a-1
@_ W [(\/152—+t)a+1 +(\/m—t)a+1]u 7,

where k., = ZU(E" ,and t = kyu o . Further, using series expansion,

(VEF T+ 0)an 4 (VEF1—t)arn & i(&) (#1—%—

2 =2
=+ 1 m=0 n=0 m n

m) (kQ ua+l)m+n

Hence the time period becomes

- o= / \/W Z Z (aﬂ) <°%+1 _n% N m) (R2uotty™ngy,  (4.23)

m=0 n=0

or

—1

= 5= M\ agmm [ WZ (a+1)(mAn)
a+1 a+1 2 m+n - a+1)(m+n
( ) ( o )k‘a /0 T (u )du.

The integral in the above expression is given as

mOnO

e D)y gy, Fim+n+1/2)I'(1) 7 (1

1 3
= - - ~1
(a+1)F(m—|—n+3/2)2 1 2,m+n+2,m+n+2, >,

[ A=
0 VI—ueil

putting it in the time period expression and simplifying gives

T = 4 — (ai-i-l) (aL-i-l - % - m) k,2(m+n) F<m +n+ 1/2)F<1/2)
Veéala+1) &= e=\'m n “ (m+n)!

Observing that

Fm+n+1/2)I'(1/2)

— B(m+n+1/2,1/2),

(m+n)!
we have
S () (A e
P S a+><a+ )kam"B(m+n+1/2,1/2). (4.24)
\/a(oz—i—l)mztmzo m n

It is an amplitude dependent time period with the amplitude dependence resulting from
the expression k,, given by




Notice further that when o = 1 and ¢, = 1, the time period is

T=2 Y i <1> <_m> (2U (&)™ ™ B(m +n + %; %) = 2m.

m n
m=0 n=0

Thus we recover the standard result for the isotonic potential. In general (4.24) is an
amplitude dependent expression and therefore one can rule out the possibility for general
values of parameter a. While the isotonic oscillator can be viewed as a quantum harmonic
oscillator with a centrifugal barrier the generalised version presented here may be looked
upon as a purely nonlinear oscillator with a higher order barrier potential. To the best of
our knowledge quantization of such a potential has not yet attempted yet. For the isotonic
oscillator it is known that at the quantum level the energy spectrum is equispaced with the
energy difference being twice that of the quantum LHO. The presence of the centrifugal
barrier term appears to cause half of the energy levels of the LHO to disappear. Whether
any similar feature can exists for a generalised isotonic potential appears to be an open
question at the present juncture.

4.2.3 Conclusion

In this study, first we considered symmetrization procedures from [29] to obtain time-
period of strongly nonlinear potential of the form sgn(z)|z|*. Second, we discussed the
isotonic potential and its time-period and later, we generalised the isotonic potential to
obtain a strongly nonlinear potential system. For such systems usual linearisation and
perturbation methods do not allow to procure any qualitative information about the
system. We utilised symmetrization procedures to attain an expression for time-period
for the generalised isotonic potential in terms of known functions.

4.3 Oscillators with non-negative real-power restor-
ing force and quadratic damping °.
Oscillators with quadratic damping together with nonlinear nonnegative real-power restor-

ing force are interesting problems and were well studied by 1. Kovacic and Z. Rakaric in
[37], they consider a second-order differential equation of the form

2" + psgn(x)a? + sgn(x)|z|* = 0, (4.25)

where the prime denotes differentiation with respect to ¢, i denotes the damping coefficient
and o € RT.

In this work, we consider a strongly nonlinear system with quadratic damping of the form

2" + sgn(z’) f(x)x"? + sgn(z)|g(z)| =0, (4.26)

3This is part of published work, [36]
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Figure 4.1: Phase space plots for odd-power restoring force (g(z) = z?*) with a) odd
damping coefficient, f(x) = x, showing closed orbits for different initial conditions, and
b) even damping coefficient, f(x) = 1, showing damp orbit.

where the damping coefficient is a function of the displacement and study it for different
cases using different instances of f(z) and g(z). We formulate a generalised scheme for
the calculation of the mechanical energy defined as that of an undamped oscillator. We
also derive a piecewise Hamiltonian description for the system in different quadrants.

To start with consider the following expression derived from (4.26),

d |1 v
— | =(2)? + / lg(s)| ds| = —sgn(2) f(z)a". (4.27)
di |2 ;
Let T = 3(2/)?, and,V = [ [g(s)| ds, then E =T + V. Now, from (4.27) we can have
dT ,
=+ 2sgn(a) f(2) T = —sgn(z)|g(z)]. (4.28)

In order to understand the qualitative features of the system, we consider the following
two cases depending on the whether the forcing term is even or odd.

Case 1: odd-power restoring forces

In this situation (4.26) can be written as

" + sgn(x) f(x)2” + g(x) = 0, (4.29)

which is the same system considered in [38]. As shown in [38] for even damping coefficient,
we have a damped orbit figure4.1b and for odd damping we have a closed orbit figure4.1a.
This is a consequence of the Hamiltonian structure of (4.29).

Example 1 When f(z) = 1, g(x) = z®, the system is given as

2"+ sgn(x)a? +2° =0 (4.30)
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Then from (4.28) we have

dT’ 3 /

%—FQT = —x° 2 >0, (4.31)
dT
=2 = —2° 2’ <0. (4.32)

Solution to the above equations are given as

T = —(3—6x+62"—42%) +cre™ 2/ >0,

T —

| — ool —

(3+ 62 4 62” + 42°) +c_e* 2’ <0,

where ¢y are constants of integration and are fixed using the initial conditions. The
corresponding energies are

1 4
E:T+V:g(3—6x+6x2—4x3)+c+e_2”+%, 2 >0,

1 2 3 20, T /
E:T+V:§(3+6x—|—6x +4x)+c_e +Z’ x < 0.

Now consider another example with odd damping coefficient, f(z) = x.
Example 2 In this setting, (4.29) becomes

2" + sgn(x)xa? +2* =0

and (4.28) takes the form

Z—Z + 22T = —2° 2 >0, (4.33)
fl—z —22T = —2° 2/ <. (4.34)
The final energy is given as
E:T+V:%(1—x2) +c+e—12+%4, z' >0,

4

1 )
E=T+V =31+ +ce +%, ¥ <0,

where cy are constants of integration. Figure 4.2a, 4.2b shows the energy-displacement
curve for the above considered examples, and the corresponding phase space orbits are
shown in figure 4.1a, 4.1b.

Case 2: even-power restoring forces
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Ly

Figure 4.2: Energy variation with displacement for odd-power restoring forces, g(z) = x
with a) even damping coefficient, f(z) = 1), and b) odd damping coefficient, f(x) = x.

3

1 5
1.5 -1.0 ~05 0.0 0.5 1.0 1.5 ~1.5 -1.0 —05 0.0 0.5

(a) f(z) =z, g(x) = 2”. (b) f(z) =1, g(z) = 22.

Figure 4.3: Phase-space plots for even-power restoring force, g(z) = z? with a) odd
damping coefficient function, f(x) = z, showing center orbits, and b) even damping

coefficient function, f(z) = 1, showing damped orbits.
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In the case of even-power restoring force, the forcing term is again an odd function and
behaves qualitatively in the same manner as in the odd-power case. However, the damping
and the period will vary depending upon a. Figure 4.3 shows the orbits for even and odd
damping coefficients.

The equations for this case are given as

2"+ sgn(2) f(x)r? +g(x) = 0, x>0, (4.35)
2"+ sgn(d) f(x)2? —g(x) = 0, x<O0. (4.36)

The dynamics in this case varies in each quadrants of the phase plane. We illustrate this
below.

Example 3 Suppose f(x) =1, and g(z) = z%. The system is then
2" + sgn(x')a”? + sign(zr)x* = 0.

The dependence of energy on displacement can be computed using (4.28) and £ =T+ V
and leads to the following expressions

1
E:Z—l(—1+2x—2x2)—|—c++e2 —i—%, x>0,2 >0
1 2 o, T /
E:Z(1+2x+2x)+c_+e +3 w<0,2'>0
1 2 o |7 /
E:Z(1—2x+2x)+c+,e —|—§, x>0,2"<0
1 2 or | |7° /
E:Z(—1—2x—2x)+c,,e —|—§, r<0,2' <0

where cp4 are constants of integration. Figure (4.4a) shows the energy variation with
displacement with the dotted lines denoting the potential V.

Our next example displays closed orbits.

Example 4 Assume f(x) = z, then the system is given by

z" + sgn(x')xa’? + sign(z)z® = 0.

By following a similar procedure as outlined before we find the energy dependence on
displacement to be given by

3

2 1 2 1 2
E=¢" <—§em T+ Z\/E&’fz(x)) +ce + %, x>0,2 >0

3

2 (1 _ » 1 2
E=¢" (ﬁemx—l—lﬁ&‘f(x)) +c_je” —i—%, x<0,2/>0

3

7| x>02 <0

2 (1 o 1 2
E=¢" (5633 T — Z\/Eé’rfz(a:)) +cp_e™ +
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Figure 4.4: Energy-displacement curve for even-power restoring force (g(z) = x?) with
a) even damping coefficient function (f(x) = 1), and b) odd damping coefficient function

(f(z) = x).

2 1 _ 1 2 3
E=¢ (—ie"’”x%—z\/?rgrf(x)) +c__e” —|—‘% , 1<0,2 <0

where ¢ are constants of integration and Er f and Er fi are error functions and imaginary
error functions. Figure 4.4b shows the energy variation with displacement with dotted
lines denoting potential V.

4.3.1 The Hamiltonian structure of the system

In the above analysis the mechanical energy £ = T+ V corresponds to that of a particle of
unit mass moving in the potential V. Owing to the presence of the damping term it is quite
natural that the mechanical energy is not conserved. However, it is interesting to note that
in the case of ODEs of the form of (4.26) one can formulate an alternative description
in terms of a variable mass. By borrowing the concepts of Jacobi Last Multiplier and
construction of Hamiltonian from previous chapter, the Hamiltonian for system (4.25)
can be written in the following form

1 x
H:I::I: _ 5e:i:QF(z)I,IQ :F/ e:I:2F(s)g<S) dS, (437)
0

where F(z) = [ f(s) ds and the first (+) in the superscript of H denotes (+) in the power
of exponential which basically comes from sign function in the coefficient of damping term
while the second one denotes (£) in the forcing term. It also needs to be mentioned that
the expression of the Hamiltonian is written in terms of configuration space variables
which can be easily transformed into momentum terms. It is done mainly to facilitate the

calculation of the Hamiltonian values. It is also natural to define the potential function
by

Vi :/ eF2F) g(5) ds. (4.38)
0
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n™ cycle | AH AFE
1 -0.493039 -0.493039
2 -0.00603154 -0.00603154
3 -0.000307447 | -0.000684351
4 -0.0000497198 | -0.000154833
Table 4.1: Change in Hamiltonian and Energy in each complete cycle in example 1 (f(x)
1, g(x) = 23).
n™ cycle | AH AFE
1 20436074 | -0.436074
2 -0.011064 -0.0278193
3 -0.000956281 | -0.000956281
4 -0.000216832 | -0.000714582

Table 4.2: Change in Hamiltonian and energy in each complete cycle in example 2 (f(z) =
fL‘, g(ﬂf) = SC3>.

In the following we provide explicit expressions for the Hamiltonian for our previous
examples and also list the comparative changes in the values of H and E for each case.
The Hamiltonian for example 1 when f(z) = 1, and g(z) = 23, is

e Lsae B4 (3220 (34 a(-3+20)))
2 8 ’

and for example 2 when f(x) =z, and g(z) = 23, is

(1 + et (1 + j:x2)>
2

1
Hi _ §eix2$/2 +

The above Hamiltonians does not depend on the sign of displacement. This is evident
from (4.29). Table 4.1 shows the changes in the values of the Hamiltonian and energy E
in each complete cycle.

The Hamiltonian for the examples in even-power case are given as

T ) w <2€Sz2\/§$ — ﬁ&"fi(ﬁx))

H 256 T 15372 ,

where s, w = {1} and denotes the sign of displacement x and velocity 2’, respectively.
Table 4.2 shows the change in the values of Hamiltonian and energy in each cycle.

4.3.2 Conclusion

In this work, a general quadratically damped oscillator with purely non-linear force is
studied. The associated mechanical energy of the general system has been calculated

60



and analytic expression for odd and even restoring forces are obtained. Further, the
Hamiltonian description of the system is shown and analytic expression has been obtained
for different cases.

4.4 Summary

Nonlinearities in equations are hard to deal with and there is no ”one-method-to-rule-
them-all”. Systems with weak nonlinearities or systems with some linear parts allows
methods like linearisation or perturbation techniques to tackle the problem in an approxi-
mate manner. However, with strongly nonlinear systems the life of a dynamicist becomes
worse. This chapter concerned itself with strongly nonlinear systems by considering two
case studies regarding such potentials.

In the first study a generalised isotonic potential is considered. Given the conservative
nature of the system it is possible to formulate the hamiltonian structure for it. This
allows to write the solution of the system but only upto quadrature. Although, this could
be numerically solved, there is no known method to the author to obtain it in a closed
function form. Further, due to unavailability of linearisation schemes it is not possible
to attain some idea of its dynamical features. To this end, a symmetrisation scheme
provided in [29] was employed where a time-period preserving transformation transforms
the general potential in symmetric form. This allows the time-period to be obtained in
terms of closed function form. Such information is very crucial, particularly, in modelling
engineering systems.

In the second study, a strongly nonlinear system is considered experiencing damping of
quadratic form. For this work the damping characteristics in a purely nonlinear potential
well were profiled in terms of energy for multiple cases. Further, Hamiltonian description
of quadratic damping from previous chapter is also given and compared with energy
profiles.
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Appendix B

Ateb Functions

The term Ateb (Beta read backward) was coined by Rosenberg, [1], and he defined Ateb
functions as half of the inverse of incomplete Beta functions. The inverse of the incomplete
Beta function is defined by

0>t>1
Bt(a,b):/ L] — )i, (B.1)
0

Senik, [2], in 1969 showed that the Ateb functions are actually the solutions of the differ-
ential equations

2
. _ o C_ B.2
& =y°, Y T (B.2)

namely z(t) = sa(1l,a,t) and y(t) = ca(l, o, t) and that these may be expressed in terms
of the three argument ca and sa functions. It may be verified that the inverse of the half
of the Incomplete Beta function B, (3, =) coincides with z(¢) on [—31I1,, 211,] where

) 27 atl
H Bt (a+1’2)

The Ateb functions are 2II,-periodic functions. Further, sa is an odd function called sine
Ateb (sa), and ca is an even function called cosine Ateb (ca). The ca and sa functions
satisfies following properties:

e Periodic relations:

_Sa(17a7 )
) #Esa(l, 0,10, £+ 2)
sa(l,a,z) = Fsa(l, a, 2Ha F 2)
(

a, 1, 211, + 2)

\ Fcala, 1, 2

ca(a, 1, —2)

—ca(a, 1,11, + 2) _
ca(a, 1,211, £ 2) ’
sa(l, o, 311, =+ 2)

ca(a, 1, 2) =
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e Relation between sa and ca:

sa’(1,a, 2) + ca® (o, 1,2) = 1; (B.5)
e Derivative:
(a.1,2) —sa(l,a,2)
—ca(a,1,2) = — sa(l, o, z
dz ? J 1 +a ? 9 ?
d
d—sa(l,a,z) = ca®(a, 1, 2); (B.6)
z

In addition to these two functions, Rosenberg defined the hyperbolic counterparts of these,
[1].

The values of theses functions can be approximated from their fourier series representation
which are discussed in [3]. Another way to approximate the numerical values is through
Taylor series which given in [4]. Apart from these various other applications and utilities
of these functions could be found in [5].
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Chapter 5

History Dependent Nonlinearities

In the modeling of blood cell production process, the production rate depends on the
current levels of the blood cells in the system. However, various models failed to explain
important phenomenons in the process which was later corrected using the fact that there
is a time lag between the initiation of new cells and production of mature cells and hence
the rate of change of blood cells depends on the current state as well as on a previous state.
In certain materials, the stress-strain response show viscoelastic behavior, a combination
of viscosity and elastic response, whose modeling shows a memory effect in the material.

In the above examples the common theme is the modeling of the respective nonlinearities
were done by utilising the state at an earlier time. So far, we have considered nonlinearities
which are functions of the current states of the system variables. However, there are
certain dynamical systems where governing equations depends on previous states of the
system. This dependence on the history of the system evolution revamps the qualitative
and quantitative properties of the system in non-trivial manner.

In this chapter, two classes of nonlinearities will be considered which depends on the
history of the dynamical process. In the first study, we will look into fractional dynamical
systems where dependence of state variables is upon both ODEs and fractional derivatives.
For this a basic understanding will be presented along with a case study of fractional
coupled oscillators. In the second study, we will consider the class of delay dynamical
systems and examine its role in the dynamics through a case study.

5.1 Fractional Dynamical System

The history of fractional derivatives starts in 1695, when 1’Hopital suggested to Leibniz
the possibility of taking a derivative of order 1/2, to which Leibniz replied: ”You can see
by that, sir, that one can express by an infinite series a quantity such as d'/?zy or d"2zy.
Although infinite series and geometry are distant relations, infinite series admits only the
use of exponents that are positive and negative integers, and does not, as yet, know the use
of fractional exponents.” Later, in the same letter, Leibniz continues prophetically: ” Thus
it follows that d'/2z will be equal to zv/dz : x. This is an apparent paradox from which,
one day, useful consequences will be drawn.” Leibniz, in his correspondence to Johann
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Bernoulli, he mentions the derivatives of ”general order”. The fractional derivatives also
captures the attention of Fuler when he wrote: "When n is a positive integer, and if p
should be a function of x, the ratio d"p to dx™ can always be expressed algebraically, so
that if n = 2 and p = 22, then d?z3 to dz? is 62 to 1. Now it is asked what kind of ratio
can then be made if n be a fraction. The difficulty in this case can easily be understood.
For if n is a positive integer d" can be found by continued differentiation. Such a way,
however, is not evident if n is a fraction. But yet with the help of interpolation which
I have already explained in this dissertation, one may be able to expedite the matter”
[Euler, 1738]. This subject was also considered by Laplace, however, it did not appear in
a text until 1819, when Lacroiz expressed it as

(5.1)

where n is an integer. Such definitions goes on for a long time until Fourier used his
integral representation and Abel solutions of integral equations of Tautochrone problem
to define it in a more general setting. Later Liouwville extended their work and published
three long memoirs in 1832 and several more publications in rapid succession. Liouwville
was successful in applying his definitions to problems in potential theory. The theory of
fractional derivative further went through lot of research which includes work of Leibniz,
Hargreave etc. A more detailed and elaborate account of the events and development
could be found in [1, 2, 3]. An interesting read on the early development of fractional
calculus can be found in [4].

In the past few decades, many important developments took place to establish the subject
in parallel with its regular derivative counterparts. The development of variational prin-
ciple for fractional dynamical systems, [5, 6, 7], leads to the Hamiltonian formalism for
fractional systems, [8, 9, 10], including Hamilton-Jacobi formalism, [11], Jacobi Last Mul-
tiplier (JLM) methods, [12]. Further, the progress leads to the development of fractional
version of quantum mechanics, [13, 14]. Later developments includes fractional control
system, [15, 16, 17], fractional conservation laws, [18], fractional wave phenomenons, [19]
and, similarly, in many fields.

Apart from the mathematical interests, FDEs have numerous applications in science and
engineering, and the theory of dynamical systems, in general. The FDEs with respect
to spatial variables represents interactions across large distances and have been studied
extensively in systems with long range interactions, [20, 21, 22]. FDEs have also been
found quite effective in modelling the perplexing phenomenon of anomalous diffusion,
(23, 24]. One of the very prominent application of FDEs are in viscoelastic materials,
(2, 25].  Other applications of FDEs include dielectric modelling, [26, 27], relaxation
processes, [28] and many more.
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5.1.1 Fractional Oscillators
Fractional Harmonic Oscillator

The harmonic oscillator is the simplest oscillator equation. The direct transformation to
the fractional system could be achieved by generalising the order of the derivative as

d R d”
dt — dt’
where for simplicity 0 < v < 1. To adjust the dimensionality of the time in the derivative

a coefficient is usually added which could be shifted to the non-derivative part. The
transformed fractional harmonic oscillator is

d*
A2y
where w € R. The solution of (5.2) is

z(t) +wa(t) =0, (5.2)

z(t) = 2(0) By, [—w?t?], (5.3)

where E,[t] is Mittag-Leffler function, [29], defined as

El[f] = ZO N#mﬂ) (5.4)

Mittag-Leffler function is a generalisation of exponential function and reduce to it for
a =1, [29, 30, 31]. Further, for v = 1 solution becomes

2(t) = z(0) By [—w?t?] = 2(0) cos wt.

The numerical simulation is shown in figure 5.1. The simulation is done for w = V2 and
v ={1,0.9,0.45}. Figure 5.1 clearly shows the damping aspect of the fractional system,
however one further interesting thing is that the damping for v < 0.5 shows smooth
approach of the trajectory towards the origin without any oscillatory behaviour but for
v > 0.5 the trajectories are oscillatory but with continuously decreasing amplitude. The
damping for v < 0.5 is called critical damping and for v > 0.5 is under-damping. The
damp structure exists for v < 1, for v > 1 the system shows diverging trajectories.
This suggests the capabilities of FDEs to represent different classes of dynamics, namely
underdamp, overdamp, oscillatory, and diverging, through just one equation and a single
parameter, order of the derivative.

Exploration of Limit cycles

It is clear form the previous section that fractional-order derivatives have damping char-
acter, therefore, in order to achieve periodic oscillatory solution there must be a forcing
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Figure 5.1: Numerical simulation of Fractional Harmonic Oscillator (5.2) for w = v/2 and
v ={1,0.9,0.45}. The figure shows contrasting behaviour of the oscillator for different
order of derivatives: oscillation for v = 1.0 (solid line); underdamped oscillation for
v = 0.9 (dashed line); overdamping for v = 0.45 (dot dashed line).

term present in the system. From an dynamical perspective, this competition between
damping and forcing term will result in a equilibrium solution where both the terms
balance each other. In this section, I will explore the dynamical aspects of Fractional
dynamical systems-equilibrium points, stability of equilibrium points and bifurcations.
Further conditions for Hopf bifurcation will be established and will be implemented in
case studies of modified van der Pol oscillator.

Stability of Fractional dynamical systems
Consider the fractional order autonomous dynamical system with parameter y € R™
Dx(t) = f(x,p), = e€R" (5.5)
Also z(0) = xo.
Definition 5.1.1 A point z. € R" is an equilibrium point of (5.5) if f(z.) = 0.
The linearisation around the equilibria point is given as
Diz(t) = Jx(t), (5.6)

where J;; = %(xe) is the jacobian at x = z,.

Theorem 5.1.1 The linearised system (5.6) is locally stable if for each eigenvalue A of

J, larg(\)| > 5, and linearly unstable if larg(\)| < 75* for atleast one eigenvalue, and

non-hyperbolic if larg(\)| = %
The stability criteria is due to Matignon [32].

74



Fractional Van der Pol Oscillator

Consider the fractional Van der Pol oscillator

D% =y
D%y = —e(a® — 1)y —w’x, (5.7)

where €, w € R are parameters and 0 < o < 1 be the order the derivative. The equation
equivalently can be written as

D**z 4 e(x* — 1)D%x + w?z = 0. (5.8)

The equilibrium point is (z,y) = (0,0) and the corresponding jacobian is given as
0 1
1= (e )

M —ed+uw?=0. (5.9)

and the characteristic equation is

Let A = Re' and separately equating the real and imaginary part to zero, we get

R%*cos20 — eRcosf +w® = 0,
Rsin20 —esinf = 0. (5.10)

Eliminating R from the equation gives

€
cosf = 50 (5.11)
From the stability criteria in theorem 5.1.1 the equilibrium is stable for cos™! o > I
and unstable for cos™! & < T2,
For numerical simulation I consider a = 0.5, w = 1.0, for which the stability criteria
becomes ¢ < /2. Hence the simulation is done for ¢ = 1.3 and € = 1.5 for stable
equilibrium and unstable equilibrium, respectively. The instability coincides with hopf
bifurcation and hence gives birth to the limit cycle which is shown in figure 5.2.

Fractional Coupled van der pol-Duffing oscillators

The fractional van der pol oscillator showed the dependence of stability region on the order
of derivative. This involvement of the order is quite obvious given the forcing nature of
it. In the case of coupled oscillators, the position and velocity or combined coupling are
extensively studied. Fractional derivatives provide a more general coupling between two
oscillators. In this section, I will consider two van der pol-Duffing oscillators coupled with
fractional coupling, given as

i+r+elx®—1Di+ebr® = eyD(y—x)
gj+y+e(y2—1)y+eby3 = eyD%(z —vy), (5.12)
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Figure 5.2: Phase portrait of Fractional Van der Pol (5.7) for w = 1.0, a = 0.5. The
subplots a) € = 1.5, showing limit cycle corresponding to the unstable origin, and b)
e = 1.3, showing stable origin.

where €, are regular van der pol parameters, b is coefficient of cubic nonlinearity and
« is the order of the fractional derivative. The in-phase solution could be found by
eliminating the coupling which leave what is basically the regular van der pol equation.
Let the in-phase solution be denoted by w(t) for which let the approximate form is given
as

u(t) = 2cost+ O(e). (5.13)

To study the stability of in-phase solution consider ¢ = x — u, and ¢ = y — u as small
deviations from the in-phase solution. Putting it in (5.12) and ignoring the nonlinear
terms gives

¢+ e(u® —1)d + (1 + 2eut + 3ebu®)p eyD (¢ — ¢)
O+ e(u? = 1) + (14 2ewiv + 3ebu®)y = eyD(¢ — 1p). (5.14)

These equations of motion of the deviations decouple by defining w = ¢+ and v = ¢p—1).
The corresponding equations are

W+ e(u® — i + (14 2eutt + 3ebu®)w = 0 (5.15)
i+ e(u® — )0 + (14 2eutt + 3ebu®)v = —2eyD. (5.16)

Now the first equation is basically the variational equation for the single van der pol
oscillator for which the solution is known to be a stable limit cycle. Hence the stability
structure is determined by the second equation alone.

The presence of € parameter demands two time scale perturbation approach. Therefore,
consider ( = wt and 1 = et, where w is the frequency of the limit cycle and is assumed to
have a power series representation in € as
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w=1+0(e). (5.17)

Under the two time scale v, ¥ becomes

U= wue + evy

i = wluee + 2wevg, + vy (5.18)

The fractional derivative could be transformed as

1 t
D* = Dta?l = F(l——a)/o Z_al')(t — z)dz
¥ d d
conswaer z — 57 % — d_Cw
1 Ck dk d
Div(¢) = m/ﬂ (a)_av/(C - k)wz, where v'(¢) = d_z
Div(¢) = wDgu(() (5.19)

Now putting all these expressions in (5.18) we have

W ve¢ +2wevcy + € Uny +e(u — 1) (woe +evy) + (14-2euii+3e bu)v = —2eyDgo(¢, n) (5.20)
Further I seek a solution v(t) in terms of a power series as

v(¢,n) = vo(C,n) + evi(C,n) + O(e?). (5.21)

Putting the expansion in (5.20) and equating the terms for each order of € to zero, we get
e O(1): voee +v9 = 0.

(5.22)

e O(€): vige +v1 = —2vg¢y — (142 cos82¢)voe + (48in2¢ + 6 b(1 + cos 2¢))vg — 27D vy.

(5.23)

The general solution of O(1) is
00(C,1) = A(n) cosC + Bln)sinC. (5.24)
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Replacing vy with above expression in (5.23) involves fractional derivative of vy which
needs special attention. To resolve the derivative consider first

1 ¢
D¢ COSC = m/{; —z ¢ Sil’l( — ZdZ,
1 ¢
= _m /0 27 %(sin ¢ cos z — cos ( sin 2)dz,
sin ¢ Cos (

¢ ¢
— _m/o z_o‘coszdz—l—m/o z~%sin zdz. (5.25)
(5.26)

Now the last integral converges only in the limit ( — oo, therefore, I evaluate the integral
for the steady states. Now using

aT

/ 27 %coszdz =T'(1 — a)sin - / 27 %sinzdz = T'(1 — «) cos %, (5.27)
0 0

we have o o

D%cos( = cos ( cos -5 sin ¢ sin 5 (5.28)
Similarly,

D%sin¢ = sin ( cos % + cos € sin %. (5.29)

Using the above derived expressions and solution of vy, equation (5.23) gives

Ui +v = —2(—A'sin(+ B'cos¢) — (1 +2cos2()(—Asin( + Bcos()
+(4sin2¢ + 6 b(1 4 cos2¢))(Acos( + Bsin()

—2v| A( cos( cos ar _ sin ( sin Gl
2 2
—l—B(sinCcosO[—27T + cos ( sin a_27r>) (5.30)
Collecting the resonant terms, we have
Gy 4 vy = (2A' Y 27Asina—27T - 273005% - 3bB) sin

( — 2B’ — 2vAcos % — 2vBsin % - 9bA) cos( + NRT. (5.31)

By eliminating the secular terms, we have the slow flow equations

A = —A—’y(Asin%—Bcos%)—?)bB (5.32)
B = —V(Acos%—i—BsinO;—W)—QbA. (5.33)
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The slow flow equations are linear with the coefficient matrix given as

aT

M:( —1 — v sin¥ fycosT—Bb>‘ (5.34)

QT 3 QT
v cos G —9b 7y sin %

Based on the eigenvalues of M matrix the stability region in o — v parameter plot is given
in figure 5.3.

30

_37‘ . 1 . . . 1 . . . 1 . . . 1 . . . \;

0.2 0.4 0.6 0.8 1.0

a a

(a) b= —0.15 (b)b=0

Figure 5.3: Stability region of in-phase solution u(t) in —-y parameter space. The shaded
parts are stable regions of the limit cycle for a) b = —0.15, and b) b = 0. Dashed line
represents the condition ¢r(M) = 0 which denoted the critical line of Hopf bifurcation
and solid lines represents det(M) = 0.

In the figure 5.3, the shaded regions are stable and plain regions are unstable. The stability
of the origin of 5.32 and 5.33 denotes the stability of in-phase solution u(t).

The important insight is that of dependence of stability on the order of fractional deriva-
tive. When the cubic nonlinearity is absent (b = 0.0), figure 5.3 shows negative ~ values
favours lower orders of the derivative, and it is stable and independent of the order for
positive v values. This exactly matches with the results from [33]. When the cubic non-
linearity is switched on (b = —0.15), there is a erosion of stability regions for negative -y
values in addition to some parts of positive + values being unstable which were earlier
stable.

5.1.2 Conclusion
In this work, we first showed that trajectories of fractional harmonic oscillator are oscil-

latory when order, v = 1, under-damp, when 0.5 > v < 1.0, and over-damp for v < 0.5.
The corresponding solutions are presented in terms of Mittag-Leffler functions. Next, we
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considered the fractional van der pol oscillator system where the concept of the stability
of the origin, and conditions for Hopf bifurcation were obtained and its dependence on
the order of the fractional derivative were established. Lastly, we considered fractional
coupled VDP-D oscillator where we employed perturbation scheme to obtain the stability
of the in-phase solution of the system. Further, we analysed the how the cubic nonlinear-
ity couples with the fractional derivatives and effects the stability of the solution. This
work helps us establish the role of order of the fractional derivative, the dual nature of
the fractional derivative as both forcing and damping characteristics.

5.2 Delay Dynamical System

In the dynamical processes consisting of feedbacks or which have multiple dynamical units,
there usually is a signal delay which changes the dynamical landscape unexpectedly. This
dynamics, governed by Delay Differential Equations (DDE), depends on an earlier state
of the system usually incorporated in the equation as, x(t — 7), where x(t) represents the
current state and 7 is the delay in the system.

The introduction of delays has been a major breakthrough in accurate modelling of physi-
cal processes which leads to many applications in science and engineering. The application
of delays appears very prominently in traffic dynamics, [34, 35], population dynamics,
(36, 37], chemical kinetics, [38], biological systems, [39, 40], economic models, [41, 42].
Delays play major role in control of chaotic systems, [43, 44, 45, 46|, signal processing
in robotics, [47, 48]. Applications of delay dynamical systems cut across fields and has
varied degree of utilities like in modelling musical instruments, [49], laser dynamics, [50].

DDEs belongs to a class of functional differential equations (FDE) instead of ODEs. As
it is explained in the first chapter, in ODEs the input or initial values of variables and
its derivatives are defined at the same instant, while, for FDEs the initial values for the
variables and its derivatives are defined at different instances of the independent variable.
DDEs are a type of FDEs which contain functions dependent on present as well as past
values of the dependent variables. This dependence makes DDEs, and FDEs in general, an
infinite-dimensional system which is in contrast with ODEs which are finite-dimensional
systems.

To illustrate, consider a linear first-order DDE of the form,

#(t) = a(t — 1), (5.35)

where 7 is the delay. Let the initial value problem (IVP) associated with (5.35) is defined
on [tg, to + T, then initial values for [to — 7, ty] are not discrete values but a function, ¢(t)
of time and is usually called history function. In solving DDE IVP the continuity of the
solutions is a crucial step as the history function and the solution need to be continuous
at t = to. This discontinuity can persist over time through the order of derivatives. For
example, if there is a discontinuity in first derivative at ¢ = ty, then second order will
be discontinuous at t = 2%y, and so on. This is known as propagation of discontinuity.
Further, there can be multiple delays, [51, 52|, in an equation, {7y, 7,..}, or even a
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distribution of delay terms, [53], based on some function. For such equations the history
function must be appropriately defined. Fractional derivatives in FrDE in the previous
sections can be considered a form weighted distribution of delays.

It is not, in general, possible to find a closed-form exact solution of DDEs. For linear cases
there are few prescriptions in literature [54, 55] which helps in analysing such problems.
Laplace transformation technique is a natural contender for a linear DDEs with constant
coefficient, [56]. Method of steps, [57], is another of method for general linear DDEs. In
Method of steps the DDE is reduce to ODEs over successive intervals and the existence
of the solution depends on ODEs in each interval. This process is tedious in practice and
often carried out with numerical algorithms.

Another way to analyse DDEs is through characteristic equation. As in the case of
linear ODEs, the solution of linear homogeneous DDEs are in the form of exponentials.
Therefore, by assuming a solution of exponential form and placing it in the equation
we get a characteristic equation. Solutions of the characteristic equation determines the
linear behaviour of the system and the stability profile. For nonlinear DDEs, the system
could be linearised and then the corresponding characteristic equation could be utilised
to determine the stability of the system. However, unlike ODEs where the characteristic
equation is a polynomial, in DDEs the characteristic equations are transcendental. This
transcendental nature results in infinite number of roots and hence infinite family of
independent solutions.

For weakly nonlinear DDEs, multiscale perturbation techniques are most commonly em-
ployed, [58, 59]. In this section, we considered two van der pol-Duffing oscillators with
delay coupling and analysed them using slow flow methods.

5.2.1 Delay Coupled van der pol-Duffing (VDP-D) Oscillators !

In this work we study the dynamics of coupled VDP-D oscillators with delay coupling. The
problem of two van der pol oscillators with the delay coupling was investigated by Rand
and Wirkus in [58] who chose the delay coupling in the damping terms because this form
of coupling occurs in radioactively coupled microwave oscillator arrays. The coupling
of microwave oscillators via delayed velocity coupling has been extensively studied by
electrical engineers [61, 62, 63, 64]. The two principal features of microwave oscillators
are negative resistance and gain saturation. The former one causes the amplitude of the
oscillations to grow while the latter limits the amplitude of the oscillations. A similar
phenomenon also occurs in laser physics and is manifested in the form of relaxation
oscillations [65]. As a consequence the van der pol oscillator is often considered as a
generic microwave oscillator.

The present work introduces a cubic nonlinearity effect into the coupled delayed Van Der
Pol system considered in [66]. This leads to a VDP-D equation and provides an important
mathematical model for dynamical systems having a single unstable fixed point, along with
a stable limit cycle. Examples of such phenomena arise quite naturally in engineering
problems.

!This is part of a published work, [60]

81



Specifically we analyse two coupled VDP-D oscillators with delayed velocity coupling.
The work is in the spirit of Rand and his collaborators. Time delay is included explicitly
in the differential equations rather than the delay in the averaged equations. In the study
of two weakly delayed coupled van der pol oscillators Wirkus and Rand [58] found that
both the in-phase and out of phase modes were stable for delays of about a quarter of the
uncoupled period of the oscillators. In this work we generalize the result of R. Rand to
two weakly coupled VDP-D oscillators in which the coupling term involves a time delay
7. We use the method of averaging to obtain the approximate simplified system and then
investigate the stability and bifurcation of their equilibria which correspond to periodic
motions in the original system.

The system of coupled delayed VDP-D oscillators we consider are given by

i1+ (@ — )iy + 21 — ex = aein(t —T), (5.36)

Fo + (x5 — 1)iy + 29 — exy = aeiy (t —T). (5.37)

The in-phase mode of this coupled system occurs when x; = x5 for which we have the
common equation

jrely’ —1)g+y—ey’=aey(t—T). (5.38)

To find a periodic solution of this equation we use the Lindstetd-Poincare perturbation
technique and set 7 = wt where w = 1 + ek + O(e?). This gives the equation

Wy +ew(y’ — 1)y +y — ey’ = aewy (1 — wT), (5.39)

where the primes denote differentiation with respect to the variable 7. Next we expand y
is a power series in € i.e., set

y=yot eyt

and equate the coefficients of various powers of € to get
Yo+ % =0 (5.40)
Vi 1 = —2kyg — (y5 — D)yo + o + ayo(r — T). (5.41)

Assuming a solution of the form yy = RcosT of (5.40) we substitute this into (5.41) to
obtain

3 1 3 R3
y{+vy1 = (2kR+aRsin T+ ZRS) cosT—(R+aRcosT— ZRS) sin T+ 4 Cos 3T+ Ve sin 37
(5.42)
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By demanding the secular terms to vanish we obtain the solutions for the amplitude R
and k as given below

1
R=2V1+acosT, k= —§(asinT+3(1 + acosT). (5.43)

Consequently for the in-phase mode we have

Yy~ yo=2V1+acosT cos{l — g(a sinT +3(1 4+ acosT))t}. (5.44)

Stability of the in-phase mode

In order to study the stability of the in-phase mode we set

zy=y(t) +wi, T2 =y(t) + wy,
and linearise the system (5.36)-(5.37) about w; = we = 0. This leads to the following
system of coupled linear delayed differential equations (DDE), namely

iy + e(y? — 1)y + (14 e(2yy — 3y))w; = aen(t —T), (5.45)
g + e(y? — 1)y + (1 + e(2yy — 3y))wy = aein (t — T). (5.46)

The above system is easily decoupled by the transformation
21 =Wy Wy, 22 = Wy — Wa,
whence they become
S e(y? —1)i + (14 e(2yy — 3y)) 21 = aeki (t — T), (5.47)
Zp ey — 1)do + (14 €(2yy — 3y)) 22 = —aedq(t — T)). (5.48)
The decoupled system given in the last two equations have the generic form
i +e(y® — D+ (1+e(2yy — 3y))u = Bacu(t —T), (5.49)

where u = 2z; for =1 and u = 2z, for g = —1.

Two variable perturbation method for Eqn (5.49)

To investigate the presence of different time scales in the delayed equation (5.49) we take
recourse to the two variable perturbation method involving the times scales 7 = wt and
n = et. It follows that

du
dt

= WU, + €Uy,
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d*u

_ 2 2
o W lrr + 2WEUry + € Upy

Inserting these expressions into (5.49) we obtain

(W Uy +20€U+€* Uy ) +€(y° —1) (Wuur +euy ) +(1+€(2yy, —3y) )u = eaf(wu,+eu, ) (T—wT, n—eT).
(5.50)

Expanding u and w in a power series in €, viz

u=1uy+eu; +O(e?), w=1+¢ek+O()

we have upon inserting the expression for £ using (5.43) and (5.44) and retaining terms
up to the first-order in e:

Ugrr + Uy = 0 (551)
Uiy + Uy = —2Ugry + (asin T + 3(1 + acos T))ugrr + (1 — 4(1 + acos T) cos® T)ug,
+[8(1 + awcosT) cosTsinT + 6v'1 + awcos T cos T]ug + afug, (1 — Tyn — €T)  (5.52)

Next assume that (5.51) has the solution of the form

uo(T,m) = A(n) cosT + B(n) sinT
so that the delayed term has the form

uo(tr —=T,m—€T) = AgcosT — T + Bysint =T

where Ay = A(n—€T) and By = B(n— €T) respectively. Inserting the above solution into
(5.52) and requiring that the secular terms vanish gives the following system of equations
for the amplitudes viz

dA 3acosT asinT afcosT afsinT

— =—(1+—)A B Ag — B )

a ( +t— ) +— R d 5 d> (5.53)
Cfl_f _ (3(1 +acosT) — “S;DT>A . O‘C;STB + O‘ﬁszmTAd + O‘BCQOSTBd. (5.54)

The last two equations represent the slow flow system of delay differential equations. The
first step to analysing the system (5.53)-(5.54) consists in setting A = Pe*M, B = Qe
and Ay = Per1=1) By = Qe*=<T) in (5.53) and (5.54) which gives

Mo —al14+ 3acosT A ozsinTB+ ozﬂcosTAef)\eT_ aﬁsinTBeﬂeT’
2 2 2 2
\B — <3(1+acosT) B as;nT)A_ acgsTB+ aﬁzinTe)‘eTA—l— aﬁ(;OSTeAETB.
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Considering the case f = —1 we are led therefore to the homogeneous system of equations:

—A—1— 23 4 AT asinT (] 4 e=AeT) AN (o0
3(1+acosT) — 9L (] 4 e=Al) )\ — acosl(] 4 o=AT) B)=\o

For non-trivial solutions it is necessary that the determinant vanishes. We set A = i)
and equate the determinant to zero to obtain

: 2cos2 T . .
— 0 + 0 (1 +acosT(2+ e_“QT)> + 2= CZS (3 + de i 4 om2eqT
2sin® T - . T . 3 .
%(1 4 2e Ty o200y ats cgs (14 e~y — Pl sinT(1 4 acosT)e T =0

We separate the real and imaginary parts of the last equation to get

Real Part:

QacosT T  3a ?cos’ T
—Q2+$81HQ€T+ ac;s +%COS2T+%COSQET

T T 3a?cos? T 2cos?T
@ cos cos QT + @ cos Qsin Qe + % cos Qe + % cos 2QeT

2 & 2T inT
%(1 + cos 2QeT" + 2 cos QeT’) — 3(1 +acosT)asm

(1 4+ cosQeT’) =0. (5.55)

Imaginary Part:

03 Qa cos T T, _a?cos’T
QS cos T+ o cos QT + 0 = I sin Qer
T 2 2 T 2 2
—aQ cos T cos QeT — L% Gn Qe — saZcos’ 1 sin Qel" — acos I sin 2QeT’
2 4 4
262 T 26in2 T inT
_E L Gin2Qer + a2 (—2sinQeT’) +3(1 + acosT) O sinQeT = 0. (5.56)

4

We expand T and {2 in a power series in €, viz,
T="Ty+ €l + Ty + -
Q=0 +e +Q+ -
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Substituting these expansions into the equations (5.58) and (5.59) and equating terms of
the various orders of € we obtain,

Coefficient of €°:

1

Qo(1+3acosTy) =0= cosTy = —3-
a

(5.57)

1
Q=gVpP—6p—1, p=V9a®-1 (5.58)

Coefficient of €!:

- TO p . TO
T =3 (1 - 3) or  Ti=—3(p-3) (5.59)
Ty

0 =

= (5.60)

3p — Tp? — 9p — 21]

VP —tp—1

The higher order terms can also be found in a similar manner. The expressions for {2 and T’
gives the conditions for the Hopf bifurcation of the solution y(¢). If consider only the first
order then the condition is given as a = —CO;TO. To check the stability of the limit cycle,
originated out of this Hopf bifurcation, let A = R+ () and expand A in the neighbourhood
of the limit cycle. As the real part R would be zero at the cycle, The stability could be
checked by noticing the sign of the first derivative. From the calculations, it was found
that the first order term is given as R = %(—1 — 3acosT). This expression is expected
as it reduces to the Hopf condition for R = 0. However, one point to keep in mind is
that these conditions are not exact and true only for first order and with higher orders,
corrections will be added to the expressions and more precise conditions could be obtain

as shown by Gluzman and Rand in [66].

The saddle-node condition could be obtain by assuming A = 0 and the determinant
vanishes. For § = —1 the conditions are

2(cosT — 3 sinT)

=0, & a=— )
@ ) & & 3+ cos2T — sin2T

The 8 = 1 case gives the conditions for the birth of in-phase periodic mode , corresponding
to the independence of A and B on 7. The condition is given as

-1
cosT"

There are no correction terms involved in this expression as we considered the case for
A = 0. Also, there is no € dependence, which is evident as these are slow flow equations
and only dependence on € is in the delay. In the next section, we will see that this
condition corresponds to the change in stability of the origin itself.
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Stability analysis of velocity delay coupling

The Duffing-Van der Pol oscillator defined in (5.36), (5.37) possesses an unstable fixed
point at origin and a stable limit cycle around it in uncoupled case. Coupling the system
without delay does not affect the limit cycle and it continue to exist for all parameter val-
ues. However, with delay coupling, the stability of the origin changes for some parameter
arrangements. To study the stability of origin, assume the variation of the coordinates
in the neighbourhood of the origin proportional to ™! which gives the characteristic
equation for the stability of origin as

m? +em+1=aeme ™. (5.61)

The characteristic equation is transcendental in nature and could not have closed form
solutions. To analyse it for periodic orbit, consider the A = ¢ m; which on solving gives
the delay curves as

1 1 1/2
mre = 5(62(052 -1)+2)+ 5((62(042 — 1) +2)2 —4)1/2
and satisfies
—1
cosmyly = —, (5.62)
Q

Condition in (5.62) gives the condition for Hopf Bifurcation of the origin. The delay
curves could be expanded for small ¢ and approximated as

mre =1+ %\/042 —le+O(é?), (5.63)
which, for the first order, gives a = — COIST. This is what we got from the slow flow analysis
of the periodic solution. The higher order corrections were not present in the slow flow,
however the stability analysis of the origin provides some higher order corrections.

Now, the characteristic equation (5.61), in a more general form, had been studied and
analysed before and given the conditions

a<l & a*>1,

the conclusions of the studies are given in the following theorem

Theorem 5.2.1 For Ty (n) defined as (5.62), there is a positive integer n such that there
are n switches from stability to instability to stability, i.e., when

T € [0, T4(0)] U (T_(0), T4 (1)) U... U (T_(n — 1), T:-(n))

all roots of (5.61) have negative real parts.
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Figure 5.4: The plot shows the variation of delay with coupling coefficient for values
w=1.0, k=0.1, with n = {1,2,3,4} for T} and n = {1,2,3} for T_.

The theorem is part of [67] and the proof is straightforward, for which please refer to [68].
The theorem provides the conditions for the real part of the roots of (5.61) to be negative
which denotes the stability of the origin. The origin is a stable focus for « < —1 for some
sets of delay values as specified in theorem 5.2.1. For —1 < a < 1 the eigenvalues are
purely real and the upper bound of its values is obtain as the roots of the characteristic
equation for T'= 0, given as

1 1 >
ms = —e(l —oz)j:§\/e (1—a)?—4. (5.64)

The upper boundedness could be proven by Rouche’s theorem. Clearly, the origin is
unstable in this region.

The origin for o > 1 shows transition as in the case for a < —1. It is stable for some sets
of delay values and unstable for other. The unstable phases corresponds with the stable
limit cycle. Figure 5.4 shows the stability regions (shaded) for a > 1 case.

Numerical Simulation

In previous sections, we derived the conditions for the Hopf bifurcation of the origin
which corresponds with the birth of in-phase periodic solution. Further, we have seen
that the origin is stable for o > 1 which corresponds to the case of amplitude death of
the oscillator. In this section, we numerically simulate the coupled system.

From theorem 4.1 we have conditions for the stability of the origin. We simulated
the system for @« = 1.5, & ¢ = 0.1 with initial conditions x(0) = 0.5, y(0) =
0.5, (0) = 0.5, y(0) = 0.5. The corresponding critical delay values are T" € [0,0.7953] U
[0.8894,6.7371] U [7.5336,12.6789]. The resultant plots are shown in figure 5.5 which
clearly shows the expected behaviour and in line with analytical calculations.
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Figure 5.5: The plot shows time series of system (5.36,5.37) for parameters w = 1.0, k =
0.1, \=—-0.1, a=15and T = 2.7, & T = 7.2 denoting the stability of origin and limit
cycle, respectively.

Conclusion

In this paper we studied coupled Duffing-Van der Pol oscillators by velocity delay terms.
At first we used Lindstedt-Poincaré method to obtain an approximate expression for the
in-phase mode. Then we studied the stability of the in-phase mode by applying the two
variable perturbation method to

i+ e(y? = )i+ (1 + €(2yg — 3y))u = Baei(t = T),

where u = z; for § = 1 and u = 2z, for § = —1. This resulted in the DDE slow
flow. This resulted in a system of modified ODEs which possessed Hopf and saddle-
node bifurcations. The vanishing of the determinant of the slow flow of DDE yields the
nontrivial solution, but it is harder to solve. So, motivated from Gluzman-Rand work,
we sought a series solution. Further, the stability of the in-phase mode was analysed.
This stability corresponds to change in stability of the origin which was shown in section
4. The coupled system was also numerically studied and it was observed that numerical
results are in sync with the analytical calculations.

5.3 Summary

In summary, through this work a basic understanding is developed for systems with
dependence of current states on past/previous states. In delay system, this dependence is
on a previous state and sometimes may be on multiple states. This is mostly in a discrete
manner. For fractional dynamical system the dependence is in a weighted cumulative
form. There are various weighted cumulative definition have been formed which are
employed as per the application requirement. These nonlinearities show both forcing as
well as damping components at the same time which allows manipulation of the energy
through various terms of the system.
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In the case study the role of fractional derivatives in the qualitative behaviours of the
system, like stability, periodic solutions, and bifurcation of solution, is analysed. To
begin with, fractional systems can show range of damping scenarios ranging underdamp
to overdamp and everything in between, as well as oscillatory behaviours through a single
term. These behaviours are basically parametrised by the order of the derivative involved.
The stability conditions for FDEs are also different and depends on the order of derivative
involved. Hence, it was observed that through the order of derivatives, a huge range of
phenomenons can be explained. Next, the case study gives insight into the analytical
treatment of coupled nonlinear oscillators and the influence of fractional derivative on the
dynamics of the system. In particular, the effect of fractional derivative on the harmonics
and the existence of the non-trivial steady states was profoundly analysed. Together with
this, the order of the derivative destabilises the oscillations for some values of coupling
parameter and stabilises the oscillations for some other values. These observations allow
vast applications of models.

For the delay dynamical systems, an overview of the influence of delays in the dynamical
processes in obtained. The case study, considered, assisted in developing the concepts of
delay in coupled weakly nonlinear oscillators and the analytical techniques required for
treating such systems.
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Chapter 6

Damped Forced Nonlinear
Oscillators

Physical systems are not isolated in nature and does not behave independently. This may
results in dissipation of energy making the system non-conservative in operation. The
system may also be subjected to external signals which may be desirable or undesirable
depending on the system. Such influence are present in chemical, biological and other
system as well. These external influences often becomes detrimental for the system.
A very peculiar example would be shaking of skyscrapers during earthquakes. A more
familiar example is of brownian particles which under the influence of surrounding noise
shows random motion.

In dynamical processes, forcing injects energy into the system and damping dissipates
energy. The dynamics is highly regulated by the balance between the two which results
in a periodic steady state. The stability of periodic solutions depends on the external and
internal parameters. Further, the nonlinearity in the system interacts with the external
forcing which results in very contrasting dynamical behaviours. As we studied in previous
chapters, nonlinear damping of the system alters the qualitative features of the dynamics.
It is interesting from a theoretical as well as application point of view to understand the
interaction between nonlinearity in damping and external forcing and its influence in the
dynamical behaviour.

6.1 Forced Coupled Duffing Oscillators with Nonlin-

ear Damping: Resonance and Antiresonance '

Duffing oscillator equation is one most important and extensively studied nonlinear system
owing to the multitude of nonlinear phenomenon that it demonstrate given its simple form.
Periodically forced Duffing oscillator shows jump phenomenon exhibiting a frequency
hysteresis behaviour. The role of linear damping in the dynamics of Duffing oscillator
has been studied widely and much literature exist about the subject, [2, 3, 4]. However,

!This is part of a published work, [1]
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the effects of nonlinear damping is comparatively less studied, and hence invites for more
research.

The effect of nonlinear damping terms on the dynamics has been studied for quite some
time. In [5] Ravindra et. al. studied the stability of a nonlinearly damped hard Duffing
oscillator. Furthermore in [6], they investigated the role of nonlinear damping on the onset
of period-doubling chaos in soft Duffing oscillator. In [7], Sanjuan et al. discussed the
role of nonlinear damping on some properties of universal escape oscillator. Hamiltonian
description of the quadratic damping has been discussed in [8].

A single degree of freedom nonlinear oscillator under periodic forcing shows single res-
onance peak in its amplitude frequency response when the forcing frequency matches
the oscillator’s frequency. This phenomenon occurs for linear oscillator under periodic
forcing as well. When such oscillators are coupled with another oscillator without any
forcing, the frequency response of the forced oscillator shows dips between two resonance,
termed antiresonance. Such dips appears when the forcing action of the coupled oscillator
cancels the external forcing on the driven oscillator, causing destructive interference. An-
tiresonance is an important phenomenon in the field of nonlinear dynamics and have been
interest of many research topics, [9, 10, 11, 12, 13]. In [9], the significance of antiresonance
frequencies in experimental structural analysis is studied. Antiresonance phase shift was
observed in strongly coupled cavity QED, [10]. In [14], Jothimurugan et al. considered
n-coupled Duffing oscillators with periodic forcing on one of them. They showed the
presence of multiple resonance and antiresonance frequencies.

The resonance and antiresonance phenomenons in coupled Duffing oscillator have been
well studied for systems with linear damping. However, the effect of nonlinear damping
in such phenomenons have never been studied, in the best of author’s knowledge. In this
work, we will consider nonlinearly damped coupled Duffing oscillators with one of them
being periodically forced and investigate for various effects of nonlinear damping on the
resonance and antiresonance structures.

6.1.1 Periodically driven coupled Duffing oscillator

Let us consider the system of interest in the form

i+ edi|iP + 2 — ebx® = eay+ eF coswt (6.2)
§+edylylP +y — eby® = eax.

The equation represents linearly coupled Duffing oscillators with one of them periodically
forced. In the equation, « is coupling coefficient, F' and w are forcing amplitude and
forcing frequency respectively, and rest of the parameters are usual system parameters.
The exponent p provides nonlinearity in the damping and can take integer values, for the
purpose of this work. For further references, oscillator with dynamics represented by z(t)
will be referred as oscillator-x and that by y(t) as oscillator-y.
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Theoretical analysis

In this section we will analyse (6.3) using multi-scale perturbation analysis and study
frequency response of the solution.
Following the usual multi-scale perturbation procedure, the solution (zeroth order solu-
tion) is assumed to be of the form

xz(t,t) = A(T) cos(wt + pa(T))
y(t,t) = B(T) cos(wt + ¢p(T)), (6.4)

where 7 = et is the slow time scale, A and ¢ are amplitude and phase of the periodic
solution, respectively.

The damping term in (6.3) with above solution can be difficult to handle given the non
smooth nature of the term. Therefore, the damping term is approximated in the form of
Fourier series as

(—Awsin(wt + ¢))|Awsin(wt + ¢) [P = —Cpw A|A|P|w|? sin(wt + ¢) + HHT,  (6.5)

2r(2E2)
VAT (B52)
terms which are going to be suppressed owing to rotating wave approximation. The
modulus around A and w could be dropped as they are assumed positive . Using the
above approximation along with solution (6.4) in the first order correction equation and
setting the secular terms to zero gives the slow flow equation

where C), = and I'(x) is Gamma function. "HHT’ refers to higher harmonic

, C aB . Fo
A = _719 dwP AP 4 o sin(¢a — ép) + 5 sin ba (6.6a)
A 3bA3 aB F
/ — P — [ —_— —
Ay = —5 ot ot 5, cos(¢a — ép) + 5 cosPa (6.6b)
, C aA
B = _710 dw?BPT — o sin(¢a — ¢p) (6.6¢)
, §B 3bB* aA
B¢y = ——+ + — cos(¢pa — ¢B). (6.6d)

2w 8w 2w

The derivatives in (6.6) are with respect to slow time 7. The fixed points of amplitude-
phase equations (6.6) corresponds to the amplitude and phase of the periodic solution of
(6.3) and the stability of these points will determine the stability of the periodic solution.
To calculate the fixed points, we set A’ = 0, B’ = 0, ¢/, = 0, ¢’z = 0, which, after some
algebraic manipulations, gives the amplitude-frequency response equation,

CpdwPt1BPHINZ /6B 3B3p\?2 a?A?

( p 5 ) +(77 3 ) = YR (6.7a)

2 2
(%(AP+2+BP+2)) +(%(A2732)—§—Z(A4734)) - F;, (6.7b)

and phase-frequency response equation,

C,dwP BP
= ¢4 — ¢ = arctan | — 42207 6.8
6= 61— o = aretan 4220 (6.5)
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Figure 6.1: Amplitude Frequency Response of amplitudes A (of oscillator-x)(in blue) and
B (of oscillator-y)(in red). Three sub-plots are for different damping exponents: a) p = 0;
b) p = 1; ¢) p = 2. Continuous line represents theoretical predictions and solid circles and
triangles are data points of numerically calculated amplitudes of A and B, respectively.
The parameter settings are: d=1,b=1,a=4, F=1,¢=0.1.

(6.9)

p+1( Ap+2 4 pp+2
¢A:arctan(4 Cpdw?” i ) )

10(A2 — B?) — 3b(A% — BY)

The frequency response relations shows the dependence of amplitude/phase on the forc-
ing frequency. The roots of these algebraic equations are fixed points of amplitude-phase
equation which could solved algebraically. However, owing to complexity of the equation
it is not practically possible to solve it analytically. To the rescue are numerical methods
which are employed to obtain the roots for different parameter arrangements.

Figure 6.1 shows the amplitude-frequency response curve together with numerically ob-
tained data points by solving (6.3) to show the authenticity of the theoretical results.
The parameter values for the plot are: d = 1.0, b=1.0, F = 1.0, ¢ = 0.1, a = 4.0. This
parameter setting is applicable on all the plots in this work, unless otherwise specified.
The figure presents theoretical approximations calculated using perturbation analysis and
numerical simulation calculations of the response function directly from (6.3) which very
verifies the theoretical predictions. The resonant peaks of individual oscillators will be
refer to as AL, A2, and the corresponding frequency values, for resonance, as w?!, and
w42 and same goes for the oscillator-y with amplitudes replaced by B. The resonance
in figure (6.1) occurs at wAl = 0.74, w42 = 1.19 for p = 0, WA = 0.71, wA? = 1.16 for
p =1, and wM = 0.71, w42 = 1.16 for p = 2. For oscillator-y the resonances occur at
wBl = 0.77, WP = 1.16 for p = 0, WP = 0.74, WP? = 1.16 for p = 1, and WP = 0.71,
wP? = 1.16 for p = 2. The resonance occurred at almost same frequencies regardless of the
damping exponent. However, the calculations show that the amplitude value at resonance
increases with the damping exponent as shown in the figure. This kind of increment in
the maximum amplitude value is not expected and hence is non-trivial in nature.

The antiresonance dips occur at w = 1.0 in all the cases for both the oscillators. Also, the
dips for p = 1, 2 are shorter for small o but becomes identical with p = 0 for larger values
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of coupling parameter .. This dependence of antiresonance on « is shown in figure 6.2.
The parameter setting is same as that of previous computation.

7%7\:\\\‘ - an 04
\.\\\\1"\\”4\'\—*
e 02
0.0t | | | | 3 0.0
1 2 3 4 1 2 3 4
a (0%
(a) Agr vs (b) Bgr vs «

Figure 6.2: The dependence of dips on coupling parameter o for damping exponents p =
0,1,2. Antiresonance values for a) oscillator-x (amplitude A); b) oscillator-y (amplitude
B). The data points are numerically computed points and continuous lines are trend lines.
Shows separation between the three exponents for small o and convergence for large «
values. The parameter settings are: d=1,b=1, a =4, F =1, ¢ =0.1.

The resonance values for both the oscillators also depend on the coupling parameter. This
dependence is shown in figure6.3. The dependence is linear with respect to a and is same
for all damping exponents.

The resonance peaks, as shown earlier, increase with the damping exponent as well as
with coupling strength a. This dependence is shown in figure 6.4. The figure denotes
a trend of saturation for large « for all the p values. This trend is also present in the
theoretical predictions.

Stability Analysis

The stability of the periodic solutions corresponds to the stability of the fixed points
of (6.6). For the stability analysis, we did linear stability analysis of amplitude-phase
dynamics. The stability plot is shown in figure 6.5. From the analysis, it is evident that
the unstable regions are increasing with damping exponent p.

Phase analysis

The phase dynamics is governed by (6.6¢) and (6.6d) and the fixed points are given by
(6.8) and (6.9). The phase response is given in figure 6.6. Oscillator-x shows an abrupt
phase shift at antiresonance and resonance values for all the damping exponents. This
is a characteristic of regular antiresonance in contrast to vibrational antiresonance where
no such phase shift appears, [15]. For oscillator-y, there is no abrupt phase shift at
antiresonance value for any p. The phase lag between the forcing and amplitude response
decreases with damping exponent. This is evident from the phase response dependence
on the C, term which decreases for with higher p values.
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Figure 6.3: The dependence of resonant frequencies on coupling parameter a for damping
exponents p = 0, 1,2. Resonance values for a) oscillator-x (amplitude A); b) oscillator-y
(amplitude B). The data points are numerically computed points and continuous lines
are trend lines. The two branches, below and above w = 1, belongs to two resonances for
each oscillator. The parameter settings are: d=1,b=1, a =4, F =1, ¢ =0.1.

6.1.2 Discussion and Conclusion

* The frequency response of both the oscillators are obtained and vindicated by nu-
merical simulation results. The intensity of each oscillator seems to be enhanced
with the damping exponent. This observation is shown in figure 6.1. This is at-
tributed to the fact that the coefficient of the first harmonic of the Fourier series
expansion of damping term decreases with the damping exponent. Hence with in-
creasing damping exponents the contribution of the damping term decreases in the
response function. This enhancement of amplitude denotes greater energy efficiency.

Dependence of the response at resonant and antiresonant values on coupling is
obtained. Higher damping exponents show similar trend as that of linear damping
with higher values. For oscillator-x the dependence of antiresonance amplitudes A,
take maxima at certain coupling and then amplitudes for all the exponents converge
with increasing coupling. Oscillator-y amplitudes also converges for large coupling.

Antiresonance appears after certain coupling value for each oscillator following a
pitchfork bifurcation in the amplitude phase dynamics. Afterwards, the two reso-
nant peaks move away from each other with increasing coupling values in a linear
fashion. This dependence is same for all the exponents. The resonant values satu-
rates for large values of coupling for all the exponents.

* Stability of the periodic solutions of (6.3) is obtained by analysing the stability of
the fixed points of amplitude-phase equations (6.6). The stability is determined by
using linear stability analysis and the fixed points are, basically, frequency response
values.

102



MM o

03 S S S |

1 2 3 4 1 2 3 4
a 04

r . —————
16f 8 p=0 1 i o p=0 ]

[ 150 g

L —m— p=1 —
L4r P : —=— p=1 ]

[ —& p=2 L - p=2 |

(a) A, vs (b) By vs «

Figure 6.4: The dependence of resonant peaks on coupling parameter o for damping
exponents p = 0, 1,2. Resonance values for a) oscillator-x (amplitude A); b) oscillator-y
(amplitude B). The data points are numerically computed points and continuous lines
are trend lines. The two branches, below and above w = 1, belongs to two resonances for
each oscillator. The parameter settings are: d=1,b=1, a =4, F =1, e =0.1.

* Phase lag between the forcing and the response decreases with increasing damping
exponent. Phase response shows a phase shift in oscillator-x while no abrupt phase
shift oscillator-y. This is a signature of antiresonance phenomenon.

6.2 Nonlinear Systems Under Multiple Forcing - Vi-
brational Resonance

Nonlinear oscillators are often subjected to signals from surroundings some of which are
important and some are unwanted and detrimental. The unwanted signals are termed as
noise. However, it was shown that the noise could be useful in enhancing weak important
signals and the phenomenon was called stochastic resonance, [16]. Later, similar effects
were found using high-frequency harmonic signals instead of stochastic noise, [17], and
the corresponding phenomenon was termed as wvibrational resonance (VR).
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Figure 6.5: Stability analysis of amplitude-phase equation (6.6). The unstable values are
shown in red and stable with blue. Each row corresponds to p = 0, p =1, p = 2 and
shows stability of amplitudes A and B. The parameter settings are: d = 1, b = 1.5,
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(a) (b)

Figure 6.6: Phase-frequency response of oscillator-x. a)The phase response of oscillator-x
is given for all damping exponents. Amplitude response for p = 1 is given gray to correlate
the response events. This response is given for p = 2. b) Phase response of oscillator-y
for all the damping exponents. The parameter settings are: d=1,b=1, a =4, FF =1,
e=0.1.
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There has been a lot of theoretical developments in VR from a nonlinear dynamics point
of view since its inception. The first reporting of VR was done for overdamped bistable
systems, [17]. Thereafter, huge interest was shown for investigation of VR in multistable
systems, [18, 19], overdamped oscillators, [20], delayed systems, [21, 22|, neuron models,
[23], plasma, [24] and many more. Recently, Vibrational antiresonance was shown in [15]
for coupled Duffing systems. The theoretical developments were followed by experimental
investigations, [25, 26, 27].

Both stochastic resonance and vibrational resonance are nonlinear phenomenons and de-
pends strictly on the form of the potential. In wibrational resonance a low-frequency
signal is modulated with high-frequency periodic signals. The high-frequency periodic
force regulates the fast scale dynamics whose average behaviour is perceived by the slow
scale dynamics through modified stiffness of the system. The average behaviour also re-
vise the damping in the system. The modified slow dynamics then shows linear response
to the strength of high frequency signal force. The response amplitude is parametrised
by characteristics of high-frequency force.

In this work, I have considered bistable Duffing oscillator subjected to low-frequency
periodic forcing, modelling weak signals, and high-frequency periodic forcing. The system
is further designed to experience nonlinear damping. This study is suppose to exhibit the
contrasting behaviour of linear and nonlinear damping in the VR phenomenon and, in
the process, develop the analytic understanding of VR.

6.2.1 The System

The system of interest is a Duffing system experiencing nonlinear damping driven by
two external forcing. The damping is considered in a generalised form characterising the
degree of nonlinearity by damping exponent p. The dynamics of the system is governed
by

&+ di|¢|P — a®x + ba® = F coswt + G cos O, (6.10)

where d is damping coefficient, a, b are Duffing parameters, F, G are forcing strengths
of the external forcing, w, () are frequencies of external forcing and p is the damping
exponent. To investigate VR in the system we further consider €2 >> w. The Duffing
potential is bistable for a® > 0 resulting in steady states at z = j:(\/ig) and is monostable
for a? < 0 with steady state at z = 0.

The degree of nonlinearity in damping is given by the damping exponent (DE), p. In this
work, we will consider integer values of the DE and study the cases p € {0,1}. In the
following sections, to study the VR phenomenon, we will obtain the response amplitude of
the system theoretically, and numerically, and study its dependence on system parameters
for different values of damping exponent.

6.2.2 Theoretical Analysis

As the system is subjected to two external periodic forcing of frequencies of different scale,
we will employ method of direct separation of slow and fast motions. To approach with
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this, let us assume the solution of (6.10) be of the form

z(t,7)=X({t)+V(t, 1), T=Qt. (6.11)

Putting the above approximation in (6.10), we get

X4V +dX + U)X +T)P —a*(X + ) +b(X +¥)® = F coswt + G cosQt. (6.12)

Variables X and W represents the motion on slow, with frequency w and fast, with fre-
quency §2, time scale respectively. As a consequence of this, ¥, ¥ >> X X. Taking
advantage of this, the damping term could be simplified as

A(X +0)|[(X + )] = dX| )P + d¥ | D). (6.13)

Further, as W is a fast variable, it can be approximated as solution of the equation
U+ dU|¥P = G cos Q. (6.14)

Letting
U = Acos(Qt + ¢), (6.15)

and substituting in (6.14), we get

012)1 d? QPP AT L A% = G2 (6.16)
and
¢ = arctan(c, d QP AP), (6.17)
or(BE3) . . . . . . .
where ¢, = fr(,?ﬂ) is the coefficient in the harmonic approximation of the damping
(5=

term expressed as

(—AQsin(Qt + ¢))[AQsin(Qt + ¢)[7 = —Cpy QA[A]P|QP sin(Qt + ¢). (6.18)

The amplitude of the fast motion could be obtain by solving the algebraic equation (6.16)
for each damping regime.
Notice that U is 27 periodic in fast scale and therefore has zero mean as

2w

1
<V >= — U(t,7)dr. (6.19)
2m Jo

Now, substituting the solution of ¥ in (6.12) and averaging over the fast time 7 = Qt,
considering the variables depending on slow time as constant, we obtain the slow dynamics
equation as

X +dX <|[¥P> —a®(X+<¥U>) + b(XP+ <08 >
+3X2 < VU > +3X <V¥?>) = F coswt. (6.20)
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Averaging over odd powers of ¥ gives zero as W is a cosine function. Rest of the averaging
are given as

<|UP> = APQPe = P(I%l)
= p2;, Cp2 = my
<V¥r> = A;. (6.21)
The slow dynamics then becomes
X +dX + aX + bX?=F coswt, (6.22)
where
d=dAP QP cpy, a= A% _ a’. (6.23)

2

The modified equation (6.22) governs the dynamics in effective potential V. ;s = %X 2 4+
%X 4 experiencing linear damping. The effective potential is also Duffing with coefficient of
the linear term restructured under the influence of interaction between fast oscillating field
and nonlinear damping. The effective potential can be bistable or monostable depending
on the forcing amplitude GG and the damping regime.

The equilibrium states of the unforced slow dynamics are X, = 0, X+ = £,/3%. The

existence and position of latter ones depends on whether a is positive or negative which
in turn is determined by the parameters of the high frequency field and the damping
regime. In any case, the slow variable will oscillate around the stable equilibrium states
which let us be denoted by X,. To obtain the amplitudes and phase of the oscillating
solution, linearise the motion around X for which consider the deviation ¥ = X — X,
and substituting it in (6.22), we get

Y +dY + (a + 30X2)Y = F coswt. (6.24)

Let the solution of the linear equation (6.24) be of the form
Y = B cos(wt + ), (6.25)

and substitute in (6.24), which gives

F

B =1 6.26

((dw)? + (@ + 3bX2 — w?)2)1/2’ (6.26)
and ]
W

v = arctan (aﬂ — 3bX2)' (6.27)

Equations (6.26), and (6.27) gives the amplitude and phase expression for the slow dy-
namics. The expressions are obtain for general stable equilibrium points, X, which could
be any of the three equilibrium states defined earlier. The resonance condition could be
obtain by solving

a—w =0, (X,=2Xp)
—2a —w? = 0, (X,=X1) (6.28)
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for G. The corresponding maximum amplitude is given as

F
Bz = =—, (6.29)
dw

where

2 2 2 p/2
dec,,Q( G >) Xs = Xo

J— (6.30)

. p/2
deCp2(2a3—bw ) Xs = Xi

For detailed analysis we will now consider each damping regime separately. Also for
further calculations, consider the slow amplitude expression in the form B = %, with

p=((dw)? + (a + 3bX2 — w?)?)1/2,
Case: (p = 0)
The p = 0 case is the linear case which has been studied before in great detail. Realisation

of the desired results from the above analysis will vindicate the obtained results.
Substituting p = 0 in (6.16) the fast amplitude and phase are given as

G
A= (O Qi (6.31)
and
10) t d (6.32)
=arctan | = |. .
Q
The effective potential has a critical value of the forcing amplitude G, = 23%)217, with

n = (d? Q*+ Q)2 below (G < G.) which @ < 0 and potential is bistable with equilibrium
points X; = X4 and above (G > G,.) which @ > 0 and potential is monostable with
equilibrium at X, = Xy. The oscillation occurs around the stable equilibrium state X
for G > G, and around X for G < G..

Now consider the slow amplitude. The maxima of B occurs at the minima of p which
corresponds to the condition

a+ 3bX?2 — w?=0. (6.33)
For G > G. , the stable equilibrium point is Xy = X, which gives the minima condition
3b G?na;v 2 2
or 12
2 12( 2 2
Gz = (W) . (6.35)

For a? > 0, the original system is monostable and the G,,q, condition exists for w > 0.
However, for a?> < 0, the original system is bistable and the G,,,, condition exists for
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2 2
w? > |a?|.
For G < G, the stable equilibrium points are X, = X, which gives the minima condition

-3bG?
= +2a* — w? =0, (6.36)
or )
20942 — W2 1/2
Goaz = <%) ) (6.37)

This maxima provides the second resonance in the amplitude response. This maxima
exists when the original potential is bistable and for w? < 2a?. The resonance amplitude
for both the case is given as

F
Bz = T (6.38)
The variation of GG, with w is shown in figure 6.8. The corresponding parameter settings
are a = 1.0, b = 1.0, d = 0.05, F = 0.01, Q = 10.0. The plot is based on theoretical
predictions made above. From the plot it is observed that the slow dynamics undergoes
subcritical pitchfork bifurcation at w = v/2, below which system has two stable equilibrium
X4 and above which it has single equilibria X,. Moreover, the plot shows two curves
corresponding to resonance positions given by (6.35), and (6.37). The resonance position
corresponding to the stable equilibrium X decreases with w and has a cutoff at w = /2
and the one for oscillation around the equilibria X is increasing boundlessly. However,
the amplitude at resonance decays with increasing w and is same for both the resonance
as is evident from the inverse dependence of the amplitude response on w, (6.38). The

variation of resonance amplitude is given in figure 6.9.

The theoretical plots of the amplitude response are shown in figure 6.7. The plots shows
the amplitude response for w = {0.6, 1.0, 1.2, 1.45}. The two resonance separates out till
the second resonance corresponding to Xy ceases to exist at w = /2.

Case: (p = 1)

The p = 1 case corresponds to the quadratic damping and in this section we will investigate
for VR phenomenon using the theoretical development done in theoretical analysis section.
Using (6.16), the fast amplitude, and phase, for p = 1 case, are given as

3 1/2
A= ((m)(—&r Qf 4+ (256d* G2 Q* 4 972 98)1/2)) : (6.39)

and

o= arctan<8§l—7TA). (6.40)
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Figure 6.7: Amplitude response of (6.10) for damping exponent p = 0. The plots are
obtained using theoretical predictions. The subplots shows the response for different
values of w mentioned in the caption of each subplot. The two resonance corresponds to
equilibriums Xy, and Xy. The parameter settings are: a = 1.0, b = 1.0, d = 0.05, F' =
0.01, 2 =10.0

The critical value of the forcing in the effective potential is

_ V2V128a QT + 27m2a2b0)"
B 97h '

G (6.41)

The slow system has two stable equilibrium points X4 for G < G, then it undergoes sub-
critical pitchfork bifurcation at G = G, resulting in a single stable equilibrium point Xj.
The two regions characterised by G values are synonymous with consideration of oscilla-
tion around corresponding stable equilibriums and hence could be used interchangeably
in further refrences.

The resonance condition (6.28) gives

(2(a® + w?))/2(128a2d? + 27bn? + 128d%w?)'/2Q)?

42
9bm (6.42)

Gmam -
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Figure 6.8: Vibrational Resonance posi- Figure 6.9: Variation of resonance value
tion variation with respect to w for p = 0. with respect to w for p = 0. The plot
The plot is obtained using theoretical is obtained using theoretical predictions.
predictions. The continuous curve shows The continuous curve shows the variation
the variation of resonance position corre- of resonance value corresponding to the
sponding to the equilibrium state X, and equilibrium state Xy and dashed curve
dashed curve shows the variation corre- shows the variation corresponding to the
sponding to the equilibrium states X.. equilibrium states X;. The parameter
The parameter settings are: a = 1.0, b = settings are: a = 1.0,b = 1.0,d =
1.0, d = 0.05, F = 0.01, Q = 10.0 0.05, FF =0.01, 2 =10.0

for G > G, and

(2a% — w?)1/2(128a2d* + 27bn? — 64d%w?)1/2Q)?

Gmax - >
9b7

(6.43)

for G < G.. The second resonance position has a cutoff frequency at w = v/2a. It is
similar to the linear damping case. The variation of the two resonance position with w
is shown in figure 6.11. From the plot it is clear that there are two resonance peaks for
w < V/2a and single for higher values.

The corresponding resonance amplitude, obtained using (6.29), are given as

F
- 1/2°
2dQuw (2(a2+w2)>
T 3b

F

1/2°
2dQw [ 2a2—w?
T 3b

for G < G.. The second resonance amplitude around Xy has a singularity at the cut-
off frequency which results in a sudden spike in the amplitude as shown in figure 6.12.
The spike indicate momentarily zero damping at cutoff. The first resonance decreases
monotonically with w but in a different functional manner than the linear damping case.

(6.44)

for G > G, and

Binas = (6.45)
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Figure 6.10: Amplitude response of (6.10) for damping exponent p = 1. The plots are
obtained using theoretical predictions. The subplots shows the response for different
values of w mentioned in the caption of each subplot. The two resonance corresponds to
equilibriums Xy, and Xy. The parameter settings are: a = 1.0, b = 1.0, d = 0.05, F' =
0.01, 2 =10.0

The deviation in the behaviour the second resonance is because of the quadratic damping
influence on the slow dynamics.

We also noted that, in figure 6.10, under similar parameter setting, the resonance ampli-
tude is less for (p = 1) case than (p = 0). This is opposite to what is found in regular
resonance where resonant amplitude increases with damping exponent, [1]. In regular
resonance, the coefficient of harmonic equivalent decreases with damping exponent which
leads to smaller effective damping coefficient and hence less effective damping. In the
VR case, the damping coeflicient becomes large because of inclusion of frequency (2 after
averaging.

6.2.3 Conclusion
In this study, a nonlinearly damped bistable Duffing oscillator is considered which are
subjected to two periodic signals of high and low frequencies. Utilising the separation of

scales of the motion the frequency response was obtained for damping exponent, p = 0,
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linear damping, and p = 1, quadratic damping. For linear damping regime, the study
vindicated the methodology employed when compared with existing results. The ampli-
tude response shows two resonance peaks corresponding to two equilibrium in the slow
dynamics. The two peaks cease to exist as w is increased to a certain value because of a
subcritical pitchfork bifurcation of the equilibrium.

In the quadratic damping regime there are also two resonance peaks till certain w value.
The resonance peaks were also observed to be smaller than the linear case. Moreover,
the peak which cease to exist at the cutoff value of w shows spike which indicates a
momentarily zero damping for that peak.

6.3 Summary

Coupled oscillators interact with each other various ways, particularly, through its non-
linearity. Linear oscillators when coupled generate lissajuous figures, representing linear
modes, which shows the different loops when the ratio of frequencies of the individual
oscillators are integers. In nonlinear oscillators, the nonlinearity interacts with each other
in complex manner where higher order interactions are possible. These produce multitude
of phenomenons like internal resonance, nonlinear normal modes etc,. These effects are
exacerbated when there is external force applied to any one of the oscillator.

These effects were studied in the context of contrasting behaviours of different nonlinear
damping regimes. The amplitude phase response of the external force causes destructive
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interference of oscillations which gives birth to the phenomenon of antiresonance. In the
regular resonance, the amplitude gets peaked around the resonant frequencies. On the
other hand, in antiresonance, this peak further go through a pitchfork bifurcation from
which rises two peaks with a dip in between the peaks. From the analysis, it was found
that the vibration amplitude peaks increases with the damping exponent. This is because
the analysis was done with lower order approximation which reduces the effect of damping
in the early harmonics terms. This change is accompanied by a reduction in the phase
which shows better response of the system to the external force.

Another variant of resonance phenomenon was noticed when two external force with
contrasting frequencies is applied to a single oscillator system. This variant is referred as
vibrational resonance. In vibrational resonance the resonance is observed not as a function
of the applied force frequency but rather as function of the amplitude of the external force.
This phenomenon was studied in the context of different damping regimes, similar to the
previous study, in a duffing system. The two external forces contains a fast moving force
with high frequency and a slow moving force with very low frequency, comparatively. This
difference in the motion scale plays a crucial role in the analysis of the system.

The two motion scale drives the system at two different speeds giving rise to high speed
and low speed dynamics. For a same time period, the high speed dynamics moves a lot
more than the low speed dynamics. Over a period, the slow dynamics perceives only
the average behaviour of the fast dynamics. This average behaviour modifies the natural
frequency and damping coefficient of the original system which in turn act as regular
forced nonlinear oscillator. The modified system is parametrised by the amplitude of the
fast moving force. This parametrisation can be seen in the resonance analysis for various
damping regimes. The modifications make the damping in the original system vanish
for certain parameters which has tremendous application opportunities. For different
damping regimes these parameter values vary and also show contrasting behaviour in
approaching such values.

These studies are introductory in nature and needs to be followed with more research
within the context of various interacting nonlinearities. From the undertaken case studies
two major outcomes are found. First is how the dynamics can be studied in multiple
time scales which can be seen in both systems. Secondly, in how nonlinearites affects the
harmonics of the vibrations.
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List of possible corrections has been given in table 6.1. Further remark is due on the
styling of each chapter which shows variations across chapters.
the thesis covers topics by considering different case studies and hence are subjected to
different circumstances/arrangements in the explanation. However, a possible common

theme has been tried to be implemented across the chapters.
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